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PREFACE. 


TN the following work 1 have tiied to present the 
elements of Coordinate Geometry in a manner 
suitable fur Beginners and Junior Students. The 
present book only doals with Cartesian and Polar 
Coordinates. Within these limits I venture to hope 
that the book is fairly complete, and that no proposi- 
tions of very ^reat importance have been omitted. 

The Straight Line and Circle have been treated 
more fully than the other portions of the subject, 
since it is'^generally in the elementary conceptions 
that beginners find great difficulties. 

There are a large number of Examples, over 1100 
in all, and they are, in general, of an elementary 
character. The examples are especially numerous in 
the earlier parts of the book. 
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CHAPTER I. 


INTRODUCTION, 


SOME ALGEBRAIC RESULTS. 


1. Quadratic Equations. The roots of the quad- 
ratic equation 

aa? + 6a5 + c » 0 
may easily be sh^wn to be 
- 0 + 


2a 


and 


-b^Jb'-iae 

2 « 


They are therefore real and unequal, equal, or imaginary, 
according as the quantity b^—iac is positive, zero, or negative, 

t,€, according as 6* | 4ac. 


2 . Eelations between tlie roots of any algebraic equation 
emd the coeffiei^s of the terms of the equation. 

If any equation be written so that the coefficient of the 
highest term is unity, it is shewn in any treatise on Algebra 
that 

(1) the sum of the roots is equal to the coefficient of 
the second term with its sign changed, 

(2) the sum of the products of the roots, taken two 
at a time, is equal to the ooeffioient of the third term, 

(3) the sum of their product^ taken three at a time, 
is equal to the coefficient of the fourth term with its sign 
changed, 

and so on, 

L. 
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Bx. X* If a and fi be the roots of the equation 

(Wf*+54p*f 0*0, t.€« a?*+-dP+^*0, 
a a 

6 4 c 

we hays a+^=-- and oj8*j. 

llx. a. If a, fit and 7 be the roots of the cubic equation 
tfj;* + b** + cjj + d as 0, 

i.e.of **+-a8^ + -*+-=0, 

a Qi a 


we heye 


«+/*+>= --, 


/Sy+‘yo+o(J=-, 

Uf 

and a/S7*=-^ 

3. It can easily be shewn that thq solution ot the 
equations 

a^x + 6jy + c,« « 0, 

and chpD + b^ + CjZ^O, 

• a? _ y » ^ 

V2 - c,<f, - c/i, “ a, 6, - oA * 

Determinant Notation., 

4. The quantity ^ is called a determinant of the 

second order and stands for the quantity so that , 

u» iih'**^*''^** 


<i) |®'gj*2K5-4xa*10-12a-2; 
w llJi lJl--»x(-6)-(-7)x(-4)»ie-a8--10L 
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$. ^ The quantity 


«!, a., a, 

h (1) 

1^11 <^3 

is called a determinant of the third order and stands for the 
quantity 

■ - |6„6J 


rtt X 


6a> 63 
Cj, Cj 


-aa 


K\ 

Cit c,l 


4 - a, 


Cj, Cj 


( 2 ), 


t.e. by Art. 4, for the quantity 

~ ^3^2) ~ ^ (^l ®3 "" ^ a)» 

tti — 6jCj) + {bj^i — + a, — &aC|). 


6. A determinant of the third order is therefore reduced 
to three determinants 01 the second order by the following 
rule: 

Take in order the quantities which occur in the iirst row 
of tlie determinant ; multiply each of these in turn by the 
determinant which is obtained by erasing the row and 
column to which it belongs ; prefix the sign + and ~ al- 
ternately to the products thus obtained and add the 
results. 


Thus, if in (1) we omit the row and column to which 
belongs, we have left the determinant and this is the 

oa, c, 

coefficient of in (2). 

Similarly, if in (1) we omit the row and column to which 


tta belongs, we have left the determinant 




and this 


with the sign prefixed is the coefficient of a, in (2). 


7 , 



-{6x(-9)*8x(-6)}+ax{(-^4)(-9)-(-7)(^6)} 

-8x{(-4)x8-(-7)x5} 
«» { - 45 +48} +2(86 ^ 43} 3 { * 884-85} 


ad-12 -18. 
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8 . The quantity 


^Sf 

6jf ij, ^4 

^8> ^4 

rfl, rf2> ^4 


is called a determinant of the fourth order and stands for 
the quantity 


1 

{fg, 63, 

1 ^4 

ai X 

Cl, C3, C4 

1 

X 

4 ? 


dg, dg, di 

1 di, dg, d4 




^2> ^8 

^11 ^4 

— ^4 X 

Cj, Cj, Cg 

^l> ^4 


dj, d^, dj 


and its value may be obtained by finding the value of each 
of these four determinants by the rule of Art. 6. 

The rule for finding the value of a detennmant of the 
fourth order in terms of determinants of the third order is 


clearly the same as that for one of the third order given in 
Art. 6. 


Similarly for determinants ot higher orders. 


9. A determinant of the second order has two terms. 
One of the third order has 3 x 2, i e, 6, terms. One of the 
fourth order has 4x3x2, i.e. 24, terms, and so on. 


10. Bxs. Prove that 


9,8,7 

(4) 6, 6, 4=0. 
3. 2,1 


-6, 71 ®’ 

-3, 

7 

-4-9=®“- -1' 

i. 

- 8 

’ ' 9, 


-10 


-a, h, « 

(5) 0,-3, e =4a6c. 

a, b, -e 


a, h;g 

(6) h, b, f ^abc+ijgh-af^-bg^-ch*. 

8, f, e 



ELIMINATION. 


5 


Elimination. 


11. Suppose we have the two equations 

cb^x + a^^O ( 1 ), 

6iaj + fcay = 0 (2), 

b^ween the two unknown quantities x and y. There must 
be some relation holding between the four coefficients ai, 
and For, from (1), we have 


X 


"2 


and, from (2), we have 


y 

y~ K 


.(3). 


Equating these two values of - we have 

• 

hr < 

i.e, — cbjfi = 0 

The result (3) is the condition that both the equations 
(1) and (2) should be true for the same values of x and ?/. 
The process of finding this condition is called the elimi- 
nating of X and y from the equations (1) and (2), and the 
result (3) is often called the eliminant of (1) and (2). 

Using the notation of Art. 4, the result (3) may be 


written in the form 


6i, Jj, 


:0. 


This result is obtained from (1) and (2) by taking the 
coefficients of x and y in the order in which they occur in 
the equations, placing them in this order to form a determi- 
nant, and equating it to zero. 


12 . Suppose, again, that wc have the three equation? 


(tiX + -f = 0 (1), 

6iic + + 65® = 0 (2), 

and ^ CiCc + Cj,y + CjZ = 0 (3), 


between the three unknown quantities x, y, and z. 
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By dividing each equation by z we have three equations 

between the two unknown quantities ^ and | . Two of 

these will be sufficient to determine these quantities. By 
substituting their values in the third equation we shall 
obtain a relation between the nine coefficients. 

Or we may proceed thus. From the equations (2) arid 
(3) we have 

X if z 

Substituting these values in (1), we have 
<h (Va - Va) + <h ( Vi “ = 0. . . (4). 

This is the result of eliminating x, y, and z from the 
equations (1), (2), and (3). 

But, by Art. 6, equation (4) may be written in the form 

rtj, Aq* ®8 

This eliminant may be written down as in the last 
article, viz, by taking the coefficients of a;, y, and z in the 
order in which they occur in the equations (1), (2), and (3), 
placing them to form a determinant, and equating it to 
zero. 

la. Bx. IVfiat It the value of a so that the equations 
a« + 22^ + 8z~0, 2ar-3y+4js=:0, 
and 6*+7y-8*=0 

may he timultaneowly true f 

EUminating a, y, and t, we have 
a, 2, 8 

2.-8. 4 =0. 

8, 7, -8 

i,e. a[(-8)(-8)-4x7]-2[2x(-8)-4x5] + 8[2x7-6x (-8)1*0. 
i,e. a[-4]-2[-88] + 3[29]*0, 

72 + 87 150* 

aa_ — * — . 


80 that 
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14 . If again we have the four equations 

a^x + a^y + + a^xi = 0, 

\x f + 6^ + 64U = 0, 

c^x + + c^z + ^ 4 ^ = 0 , 

rfiaj + cijy + c? 42 j + d^u = 0, 

it could be shewn that the result of elirainatiag the four^ 
quantities x^ y, and u is the determinant 

ai,aa, a^ya^\ 

^2) ^3> ^4 


A similar theorem could be shewn to be true for n 
equations of the first degree, such as the above, between 
n unknown quantities. 

It will be noted that the right-hand member of each of 
the above equations is zera 



CHAPTER 11. 

COORDINATES. LENGTHS OF STRAIGHT LINES AND 
AREAS OF TRIANGLES. 


15. Coordinates. Let OX and OF be two fixed 
straight lines in the plane of the paper. The line OX is 
called the axis of a, the line OY the axis of y, whilst the 
two together are called the axes of coordinates. 

The point 0 is called the origin of coomlinatos or, more 
shortly, the origin. 

Prom any point P in the 
plane draw a straight line 
parallel to OP to meet OX 
m M, 

The distance OM is called 
the Abscissa, and the distance 
J/P the Ordinate of the point 
whilst the absci^ and the 
ordinate together are called 
its Coordinates. 



Distances measured parallel to OX are called Xy with 
or without a sufiix, (^.y. a?i, Xy sc",.* )i and distances 
measured parallel to OP are called y, with or without a 
sufiix, (e.y. y^, y,,... y', y",...)- 

If the distances OH and J/P be respectively x and y, 
the coordinates of P are, for brevity, denoted by the symbol 

y)* 

Conversely, when we are given that the coordinates of 
a point P are (», y) we know its position. For from 0 we 
have only to measure a distance OM (=x) along OX and 
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then from M measure a distance MP (= y) parallel to OY 
and we arrive at the position of the point P. For example 
in the figure, if OM be equal to the unit of length and 
20M, then P is the point (1, 2). 

16 . Produce XO backwards to form the line OX* and 
YO backwards to become OY*, In Analytical Geometry 
wd have the same rule as to signs that the student has 
already met with in Trigonometry. 

Lines measured parallel to OX are positive whilst those 
measured parallel to OX* are negative; lines measured 
parallel to OF are positive and those parallel to OF' are 
negative. 

If jPj be in the qkadrant YOX* and drawn 

parallel to the axis of y, meet OX* in and if the 
numerical values of the quantities OM^ and ifjP, be a 
and by the coordinates of P are (-a and b) and the position 
of Pj is given by the symbol (—a, 6). 

Similarly, if P, be in the third quadrant X*OY*y both of 
its coordinates are negative, and, if the numerical lengths 
of Oil/s and M^Pg be c and d, then Pg is denoted by the 
symbol (— c, — ct). 

• Finally, if P^ lie in the fourth quadrant its abscissa is 
positive and its ordinate is negative. 

17. Sz. Lay down on paper the position of the points 

(i) (2, -1), (ii) (-3, 2). and (iii) (-2, -3). 

To get the first poiut we measure a distance 2 along OX and then 
a distance 1 parallel to 07'; wc thus arrive at the required point. 

To get the second point, we measure a distance 3 along 0X\ and 
then 2 parallel to OY. 

To get the third point, we measure 2 along OX* and then 
3 parallel to OY'. 

These three points are respectively the points P 4 , Pg, and P, in 
the figure of Art. 15. 

18 . Wlien the axes of coordinates are as in the figure 
of Art. 15, not at right angles, they are said to be Oblique 
Axes, and the angle between their two positive directions 
OX and OF, i.e. the angle XOYy is generally denoted by 
the Greek letter cc. 
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In general, it is however found to be more convenient to 
take the axes OX and OF at right angles. They are then 
said to be Rectangular Axes. 

It may always be assumed throughout this book that 
the axes are rectangular unless it is otherwise stated. 


19. The system of coordinates spoken of in the lost 
few articles is known as the Cartesian System of Coordi- 
nates. It is so called because this system was first intro- 
duced by the philosopher Des Cartes. There are other 
systems of coordinates in use, but the Cartesian system is 
by far the most important. 


. 20. 3b find the diatance between two points whose co^ 
ordinates are given. 

Let Pj and be the two 
given points, and let their co- 
ordinates be respectively (oti, 
aad (*,, y,). 

Draw P^Mi and P^^ pa- 
rallel to OF, to meet OX in 
Ml and Draw P^R parallel 
to OX to meet MyPi in R, 

Then 

PJt = M^Mi = OMi — OM^ = aJi - 0^, 

RPi = MiPi — M^P^ = yi — y-i, 

and L P^Pi = L OMiPi = ISO* - PJfiX = 180* - ca. 

We therefore have [Trigonometryt Art. 164] 

+ RPi^ - 2P,P . RPi oosP^RPi 



= (*1 - a^)* + (yi - y.)’ - 2 (y, - y.) cos ( 1 80* - «) 

* (*i - + (jTi -y^*+ ® - yj ««»"•• (!)• 

If the axes be, as is generally the case, at right angleSi 
we have <o = 90* and hence cos cd == 0. 


The formula (1) then becomes 


W=(<ci»V+(yx-yO*. 



DISTANCE BETWEEN TWO POINTS. 11 

SO that in rectangular coordinates the distance between the 
two poijits (xj, y,) and (arj, y^) is 

V(xi-xj)»+(yi-yj)* (2). 

Cor. The distance of the point (a;^, y^) from. the origin 
is + yj^ the axes being rectangular. This follows from 
(2^ by making both and y, equal to zero. 

21 . The formula of the previous article has been proved for tbe 
case when the coordinates of both the points are all positive. 

Due regard being had to the signs of the coordinates, the formula 
will be found to be true for all 
points. 

As a numerical example, let 
Pi be the point (5, 6) and 
be the point ( ~ 7, - 4), so tliat 
we have 

and y.j= - 4. 

Then 

PjE«ira0 + 03fi=7+5 
and 

JfPj=Pil/i+il/iPi=4 + 6 y 7 

• =-’^2+^1- 

The rest of the proof is as in the last article. 

Similarly any other case could be considered. 

22. To find the coordinates of the point which divides 
in a given ratio (mi : m^) the line joining two given points 
(xi, y,) and (a,, y^). 


O 

Let be the point (Xit yi), Pg the point (a^, y,), and P 
ibe required point, so tlmt we have 
PiP : PPj ;; 
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Let F be the point (x, y) so that if FM^ and 

F^M^ be drawn parallel to the axis of ^ to meet the axis of 
X in , My and J/j, we have 


OMi = 

as,, = OM=x, MP = y, OiV, = a-„ 

and 

^A=y>- 

Draw P,P, and FR^y parallel to OXy to meet MF and 

in R^ 

and 71*2 respectively. 

Then 

PjPj = MyM — OM - OM^ = oj — £c, , 


PPj ~ = OM^ — OM^ x^-^Xy 


RyF^MF^M,F,-^y^y,y 

and 

P^Pa == -^aPa - -^P = 3^2 ”* 3/- 

* From the similar triangles F^Ry^F and FRJ^^ we have 


FyF PlPl X-Xy 


mj FF^ ~~ PPj 3*2 - 05 ‘ 


mi (aPj - a) = 7112 ~ ofj); 

%m e. 



Wtj + TWj 

Again 

OT, _P,P_ P,P _ y-y, 
m, PP, P,P, y,-y’ 

so that 

«h(yj-y)=»'h(y-yi). 

and hence 

^ ^iy._+_w»ayi 


^ m| + m 2 


The coordinates of the point which divides PjPj in- 
ternally in the given ratio are therefore 

mA+mA 

+ mg 

If the point Q divide the line externally in the 
same ratio, Le, so that F^Q : QF^ :: : m 2 , its coordinates 

would be found to be 

and 

The proof of this statement is similar to that of the 
preceding article and is left as an exercise for the student. 
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Cor. The coordinates of the middle point of the line 
joining («,, y,) to (a;,, y,) are 

A Jt 


S8. Bx. 1. In any triangU ABC prove that 
^5a + i4C«=2(ilD*+DC»). 
where D u the middle point of BC. 

Take B as origin, BC as the axis of x, and a line through B per- 
pendicular to BC as the axis of y. 

Let BC^a^ so that C is the point (a, 0), and let A be the point 
(^1. Vi)- 

Then D is the point 0^ . 

Hence + 2 /^*, end DC^=(^ . 


Hence 


Also 

and 

Therefore 

Hence 


2 (AD» + DCf») = 2 + y* - ax^ + 

c as + 2 ^ 1 ® - 2a + a®. 

All® + C® = 2x,* + 2yi* - 2ajPi + a*. 

Ajy® + ^Ca=:2(/tX>®fDC®), 


Bx. 9. if i?C is a triangle and D, 1?, and F are the middle points 
of the aides BCy CA^ and A//; prove that the point which divides AD 
intenuilly in the ratio 2 : 1 also divides the lines BE and CF in 
the same ratio. 

Hence prove that the medians of a triangle meet in a point. 

Let the coordinates of the vertices A, B, and Cbe (x^, Pi), (j*), yg), 
and (£,, Ps) respectively. 

The coordinates of D are therefore and 


Let O be the point that divides internally AD in the ratio 2 : 1, 
and let its coordinates be x and 
By the last article 


9=. 


2x?*+-^+lx*, 


iTj+XaH-ar, 


2Tr 


So 


y-a . 
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la tbe same manner we could shew that these are the coordinates 
of the points that divide BR and CF in the ratio 2 ; 1. 

Since the point whose coordinates are 

?l+£j±& ana yi+yi+y* 

a “ 3 " 

lies on each of the lines AD, BE, and CF, it follows that these three 
lines meet in a point. 

This point is called the Centroid of the triangle. 


EXAMPLES. L 

Find the distances between the following pairs of points. 

1. (2, 8) and (5, 7). ' 2. (4. -7) and (-1, 5). 

3. ( ~ 3t - 2) and ( - G, 7), the axes being inclined at 60°. 

4. (a, o) and (o, b). 5* c + a) and (c+a, a + b). 

* V. 6. (a cos a, a sin a) and (a cos a sin /3). 

7. (csii*, 2ami) and (am,*, 2am,). 

8. Lay down in a figure the positions of the points (1, - 3) and 
( - 2, 1), and prove that the distance between them is 5. 

9. Find the value of x. if the distance between the points ixi, 2) 
and (3, 4) be 8. 

10, A line is of length 10 and one end is at the point (2, - 3) ; 
if tlie abscissa of the other end be 10, prove that its ordinate must be 
3 or - 9. 

^1, Prove that the points (2o, 4a), (2a, 6a), and (2a+^3a, 5a) 
gre the vertices of an equilateral triangle whose side is 2a. 

it 12. Prove that the points (-2, -1), (1, 0), (4, 8), and (1, 2) 
at the vertices of a parallelogram. 

13. Prove that the points (2, -2), (8, 4), (5, 7), and (-1, 1) are 

at the angular points of a rectangle. ^ 

14. Prove that the point ( |{) is the centre of the circle 

citoumsoribing the triangle whose angular points are (1, 1), (2, 3), 
and (-2, 2). ^ 

Find the coordinates of the point which 

divides the line joining the points (1, 3) and (2, 7) in the 
ratio 8 : 4, 

16. divides thq/same line in the ratio 8 ; - 4. 

^17, divides, intemalW and eatemaUji the line joining 
{o (4, -6) in the ratiol : 8. 



EXAMPLES. 


[Exb.I.] 


15 


^ 18. divides, intemallv and externally, the line joining ( - 8 , -*4) 
to ( - 8 , 7 ) in the ratio 7 : 6 . 

V^. The line joining the points (!» - 2) and ( - 3, 4) is trisected ; 
And the coordinates of the points of tnseotion. 

20. The line joining the points (- 6 , 8 ) and ( 8 , is divided 
into four equal parts ; find the coordinates of the points of section. 

* 21 . Fii^d the coordinates of the points vrhich divide, internally 

and externally, the line joining the point (a + 6 , a^h) to the point 
(a - b, a + &) in the ratio a : b. 


22. The coordinates of the vertices of a triangle are yj), 
(x^t yJ Bind (a%, yg). The line joining the first two is dividea in the 
ratio 1 : A, and the line joining this point of division to the opposite 
angular point is then divided in the ratio m : Xe + l, Find the 
coordinates of the latter point of section. 


23. Prove that the coordinates, x and y, of the middle point of 
the line joining tlie point (2, 3) to the point (3, 4) satisfy the equation 


24. If ^ he the centroid of a triangle ABO and O be any other 
point, prove that 

3 (OkB + Gi?» + OG*) = J8C?* + CA* + ^2?*, 
and OAB + OB^ + OC*« GilH + OC9 + 8GO«. 


25. Prove that the lines joining the middle points of opposite 
sides of a quadrilateral and the line joining the middle points of its 
diagonals meet in a point and bisect one another. 

26. <4, B, Ct D... are n points in a plane whose coordinates are 
(^itVi)f (^fFs)* (^at l/s)*--*- is bisected in the point G,; GjG is 
divided at G, in the ratio 1:2; G^D is divided at G. in the ratio 
1:8; OgE at G 4 in the ratio 1 : 4, and so on until all the points are 
e^iausM. Shew that the coordinates of the final point so obtained are 

xi+j^+Xg+..,+x^ yi +y8+y , 4...+yn 

n n * 

[This point is called the Ceatve of Mean Poaltlea of the n given 
pomts.] 

27. Prove that a point can be found which is at the same 
distance from each of we four points 

(am,, . (am., , (am,. ^ • “d ( a«,.y«,). 


To prove that the area of a trapezium^ i. e. a quad- 
rilaterai havinq two eidee parallel^ is one half the etm of the 
tiw'fHxraUd eidee nmUi^ied by the pe/pendioular dutanee 
betttim fhem» 
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Let ABCD be the trapezium having the sides AD and 
BC parallel. n m 

Join AC and draw AL perpen- V* 

dicular to BG and CN perpendicular /j \ j 

to AD^ produced if necessary. / | ' 

Since the area of a triangle is one ■ ^ 

half the product of any side and the 
perpendicular drawn from the opposite angle, we have * 
area ABCD ^£^ABG + ^ACD 

==\.]iG.AL + {.AD.CN 
^\{BC + AD)y.AL. 


25. To find the area of the triangle^ the coordinates of 
whose angular points are given^ the axes being rectangular. 
Let ABC be the triangle 
and let the coordinates of its Y 
angular points Ay B and G be 
(*u yi). (*J. y>)i and (a-,, y,). 

Draw ALy BMy and per- 
pendicular to the axis of Xy and 
let A denote the required area. 

Then O L N M X 



A =- trapezium ilZiYC + trapezium CN MB - trapezium A LMB 
= I LN {LA + NC) + \NM {NC + MB) - J LM {LA + MB)y 
by the last article, 

■= i [(^ - ®i) (y I + y») + - *•) (y» + y») - (-e^ - *i) (yi + y.)]. 

On simplifying we easily have ‘ 

A=i +*178 - *3y2+*»yi 

or the equivalent form 

A =. i [*1 (y, - y,) + iB, (y, - y,) + a-, (yi - y,)]. 

If we use the detemuuant notation this may be written 
(as in Art. 6) 

Cor. The area of the triangle whose vertices are tlie 
origin (0, 0) and the points (»,, y,), (a^, y,) is ^ 
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96. In the preceding article, if the axes be oblique, the perpen- 
diculars Ah, BM, and CN, are not ^ual to the ordinates Pi, p,, and 
Pi, but are equal respectively to sin w, y, sin w, and y, sin w. 

The area of the triangle in this case becomes 

imn w {*iy, - + xjDx - 

* 1 . Vu 1 

isinwx X,, 1 . 

*». y», 1 

97. In order that the expression for the area in Axt. 25 may be 
a positive quantity (as all areas necessarily are) the points A, B, and 
C must be taken in the order in which they would be met by a 
person starting from A and walking round the triangle in such a 
manner that the area of the triangle U always on hU left hand. 
Otherwise the expressions of Art. 25 would be found to be negative. 

28. To find tJie area of a quadrilateral the coordUiatea 
of vjhose angular points are given. 



O L R N M X 


Let the angular points of the quadrilateral, taken in 
order, hQ A, B, C, and D, and let their coordinates be 
respectively (a?, yO, Vs), ys), and •(.'*•4, 

Draw ALy BMy CNy and DB perpendicular to the axis 

of X. 

Then the area of the quadrilateral 
= trapezium ALBD + trapezium DRNC + trapezium CNMB 

^ — trapezium A LMB 

= ILR (LA + RD) + ^RJ^iRD + RC) + IJ!^M{NC + MB) 

-^LM(LA + MB) 

= i { («4 - *1) (yi + y.) + (*» - *4) (y» + y.) + (•*» - «») (y. + yj) 

-(*.-*i)(yi+y»)} 

“i{(*iy>-*»y») + (*.y*-a!iyi) +(aw4-*4y») + (a^i-*iy.)}. 
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29. The above formula may also be obtained by 
drawing the lines Gd, OB^ OC and 02>. For the qoadri- 
Jateral A BCD 

== AGj?(7+ AOCD^ aOBA^ aOAD. 

^^ut the coordinates at the vertices of the triangle OBO 
are (0, 0), (x^, y^) and {x^, y^); hence, by Art. 25, its 
area is J (flCay* - 

So for the other triangles. 

The required area therefore 
= i [(aw* - + (a?sy4 - <»4ft) - - (*^4 - 

- \ L(*iy» - «•>»») + 

In a similar manner it may be shewn that the area 
of a polygon of n sides the coordinates of whose angular 
points, taken in order, are 

(®i. »i)i (*«» ys). (®4. y»)f"(*»i y») 

is \ [(*iy, - ajyi) + (*,y, - + . . . + - x^,)\ 


EXAMPLES, n. 

Find the areas of the triangles the coordinates of whose angular 
points are respectively 

L (1, 3), ( - 7, 6) and (6, - 1). ^ (0, 4), (3, 6) and ( - 8, - 2). 

(6.2), (-9, -3) and (-3, -6). 

4. (a, 5+c), («, and (-a, c). 

5. (a, c+a), (a, c) and (-a, c-a). 

6. (a cos 01, 6 sin 0i), (a cos 0^, sin and {a cos 0,, h sin 0^. 

7. 2ami), and (aifi,^ 2am^, 

8. {amiwij, a(TOi + ?iia)), a{ni^+m^} and 

(awijwii, a(m2+OTi)}. 

Pr«>ve (by diewiag that the area of the triangle totmed by Qum ifl 
uro) that the following sets of three points are in a straight Ihae i 

10. (1,4), (8, -2), and (-8, 16). 

11. (-4,8), (-6,6). and (-8,8). 

12. (o, 6+c), {bt c+«), and (e,a<f6). 



[EXB.IIJ POLAR COORDINATES. 19 

Find the areas of the quadrilaterals the coordinates of whose 
angular points, taken in order, are 

13. (1.1), (3.4). (5. -2),and(4, -7). 

14. (-1. 6). (-8. -9). (5, -8), and (3. 9). 

15. If O be the origin, and if the coordinates of any two points 
Pi and Pg be respectively (xj^, y^) and (ar,, p,). prove that 

OPi . OPj .cos PiOPj=J?iJra+PiPj. 

* 30. Polar Coordinatei. There is another method, 
which is often used, for determining the position of a point 
in a plane. 

Suppose 0 to be a fixed point, called the origin or 
pole, and OX a fixed line, called the Initial line. 

Take any other point I* in the plane of the paper and 
join OP, The position ^of F is clearly known when the 
angle XOP and the length OP are given. 

[For giving the angle XOP shews the direction in which OP is 

drawn, and giving the distance OP tells the distance of P along this 

direction.] 

^ ♦ 

The angle XOP which would be traced out by the line 
OP in revolving from the initial line OX is called tlie 
vectorial angle of P and the length OP is. called its radius 
vector. The two taken together are called the polar co- 
erdinatcs of P, 

If the vectorial angle be 6 and the radius vector be r, the 
position of P is denoted by the symbol (r, $), 

The radius vector is positive if it be measured from the 
origin 0 along the line bounding the vectorial angle; if 
measured in the opposite direction it is negative. 

81. Bx. Construct the positions of the points (i) (2. 80^), 
(3. 160'‘). (iii) (-2, 45»), (iv) 

8. 830®), (V) (3. -210®) and (vi) 

8. -30®). 

(i) To construct the first point, 
let the radins vector revolve from 
OX through an angle of 80^, and 
then mark oil ulong it a distance 
equal to two units of length. We 
thus obtain the point P|. 

(ii) For the second point, the radius vector revolves from OX 
through 150® and is then in the position OP^; measuring a distance 8 
along it we arrive at P^. 



(- 
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(iii) For the third point, let the radine vector revolve from OX 
through 45^ into the position OL. We have now to measure along 
OL a distance - 2, t.e. we have to measure a distance 2 not along OL 
but in the oppotite direction. Producing LO to P,, so that OP3 is 
2 units of len^h, we have the required point Pg. 

(iv) To get the fourth point, we let the radius vector rotate from 

OX through 330^ into the position OM and measure on 'it a distance 
~3, t.e. 8 in the direction MO produced. We thus have the point P3, 
which is the same as the point given by (ii). * 

(v^ If the radius vector rotate through - 210°, it will be in the 
position OPg, and the point required is Pg. 

(vi) For the sixth point, the radius vector, after rotating through 
-80°, is in the position OM. We then measure - 3 along it, ue. 3 in 
the direction 310 produced, and once more arrive at the point P^. 

32 . It will be observed that in the previous example 
the same point is denoted by each of the four sets of 
polar coordinates 

(3, 150“), (-3, 330*), (3, ~210“) and (-3,-30“). 

In general it will be found that the same point is given 
by each of the polar coordinates 

(n 0), (- r, 180“ + $), {r, - (360“ - 0)} and {- r, - (180“ - 0)1 
or, expressing the angles in radians, by each of the co- 
ordinates 

(r, 6), (- r, IT + 6), {r, - (2ir - ^)} and {- r, - (tt - 0)}. 

It is also clear that adding 360“ (or any multiple of 
360“) to the vectorial angle does not al^yer the final position 
of the revolving line, so that (r, 0) is always the same point 
as (r, ^ + n . SGO®)*, where n is an integer. ' 

So, adding 180“ or any odd multiple of 180“ to the 
vectorial angle and changing the sign of the radius vector 
gives the same point as before. Thus the point 
[-r, d + (27* + 1)180“] 

is the same point as [-r, ^ + 180“], i.e, is the point [r, ^]. 

33 . To find the length of tl*^ straight line joining two 
points whose polar coordinates are given. 

Let A and P be the two points and let their polar 
coordinates be (n, ^i) and (r^, ^ 2 ^ respectively, so that 
OAtsrxf = iXOA^O^^ and 
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Then {Trigonometry f Art. 164) 

AIP = OA^ + OB ^ - 20 A . OB cos AOB 
= r^ + r^ - 2 rir 2 cos (^i - 

34 . To Jlnd the area of a triangle the coordinatee of 
whose angular points are given. 

• Jjet ABC be the triangle and let (?'i, dj), {r^^ ^ 2 ), and 
(^ 8 , ^ 8 ) be the polar coordinates of 
its angular points. 

We have 

AA/? 6 " = A 0 /?C + A06'A 

-AO^^ (1). 

Now 

AOBC=ion.oCimr.oc 

[Trigonometinj, Art. 198] o “x 

= Jrarssin 

So A OCA - ^00 . OA sin CO A = sin (^1 - ^j,), 
and A0AB^\0A . OB sin A OB = Jr^ra sin {0^ - 6^ 

= -|r,raSin(^a-^i). 

Hence (1) gives 

A ABC = J [r^r^ sin (^3 - 6^ + r^r^ sin (^i - 6^ 

+ ri7'asin(^a“^i)]- 

35 . 2'o change from Cartesian Coordinates to Polar 
Coordinates^ and conversely. 

Let P be any point whose Cartesian coordinates, referred 
to rcctangulai^ axes, are x and 
and wliose fiolar coordinates, re- 
ferred to 0 as pole and OX as 
initial line, are (r, B), 

Draw PAf perpendicular to OX 
so that we have 

OM^-x, MP^y, lMOP^O, 
and OP^r, x'^ 

From the triangle MOP we 
have 

X =s £)if = OP cos MOP = r cos B (1), 

yr=.MP^ OPsin MOP - r sin (2), 

r^OP^^lOM^^MP^^^s^^'f ( 3 ), 
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tand = 


^_y 

eM~x 


( 4 ). 


Equations (1) and (2) express the Cartesian coordinates 
in terms of the polar coordinates. 

Equations (3) and (4) express the polar in terms of (lie 
Cartesian coordinates. 

The same relations will bo found to hold if P be in any 
other of the quadrants into which the plane is divided by 
XOX* and YOY\ 


Bac. Change to Cartesian coordinates the equations 
(1) r = a sin $, and (2) r = or cos - . 

(1) Multiplying the equation by r, it becomes = ar sin 
i,e. by equations (2) and (3), 

(2) Squaring the equation (2), it becomes 

0 0/ 

r=acofi2~s=^ (1 + costf), 

Le, 2r* = ar + ar cos 

i.e. 2(x*+y®)=saaya;® + y*+flaj, 

i.e. (2a;* + 2y* - aa;)® = a* (a;® + y*). 


fiZAMFLES, III, 

• < 

Lajr down the poeitlona ot the pointe whose polar coordinates am 
1 . (8. 460). 2. (-2, -6(r>). 3. (4,135»). 4 (2, 830»). 

5. (-1. -18(n. 6. (1, -210'>). 7. (6. -8760). 8. (“. ^)- 

0. (2«.-^). 10. (-<*,5). 11. (-2«, . 

Find the lengths of the straight lines joining the pairs of points 
whose polar coordinates are 

12. (2, 80*») and (4. 120®). 

'A4. (*. i) •«“» (®“* !)• 


13. (-8,45") and (7,105*). 
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^5. Prove that the points (0, 0), ^3, ~ j , and ^8, ^ j form an equi- 
lateral triangle. 

^ JB'ind the areas of the triangles the coordinates of whobe angular 
points are 

18. (1. 80“), (2. 60°), and (3, 90"). 

17,. (-8, -80°), (S, 160“), and (7, 210°). 

(- «. g) . (a. 1 ) . and (- 2a, - . 

Find the polar coordinates (drawing the figure in each case) of the 
points 

19. 3?=n/ 3, y=l. 20. 21. «=-l, y-l. 

\ 

Find the Cartesian coordinates (drawing a figure in oacli case) of 
the points whose polar coordinates are 

22.(6.^). 23. (-6.^). 24.(6.-^). 

Change to polar coordinates the equations 
25. 26. y**tana. 27. + — 

28. 20. «»=y»{2a-ar). 30. + 

• Transform to Cartesian coordinates the equations 
31. r=fl. 32, d=tan"lj/i. 33. r=sacc«i^. 

34, rs:a8in23. 35. r*=a* cos 20. 36. r®8in20=2a®. 

37. r* cos 20 = 0 *., 38. r^coBg=a^. . 39. r*=«*Bin^. 

40. T (ooB 80 + sin 30) sr 5k sin 0 cos 0. 



CHAPTER IIT. 


LOCUS. EQUATION TO A LOCUS. 

36 . WiiEK a point moves so as always to satisfy a 
given condition, or conditions, the path it traces out is 
called its Locus under these conditions. 

For example, suppose 0 to be a given point in the plane 
of the paper and that a point P is to move on the paper so 
that its distance from 0 shall be constant and equal to a. 
It is clear that all the positions of the moving point must 
lie on the circumference of a circle whose centre is 0 and 
whose radius is a. The circumference of this circle is 
therefore the “ Locus” of P when it moves subject to the 
condition that its distance from 0 shall be equal to the 
constant distance a. 

37 . Again, suppose A and J5 to be two fixed points in 
the plane of the paper and that a point P is to move in 
the plane of the paper so that its distances ifrom A and B 
are to be always equal. If we bisect AB in C and through 
it draw a straight line (of infinite length in both directions) 
perpendicular to ilZ?, then any point on this straight line 
is at equal distances from A and B. Also there is no 
point, whose distances from A and B are the same, which 
does not lie on this straight line. This straight line is 
therefore the “Locus” of P subject to the assumed con- 
dition. 


38 . Again, suppose A and to be two fixed points 
and that the point P is to move in the plane of the paper 
so that the angle APB is always a right angle. If we 
describe a circle on AB as diameter then P may be any 
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point on the circumference of this circle, since the angle 
in a semi-circle is a light angle; also it could easily be 
shewn that APB is not a right angle except when P lies 
on this circumference. The “Locus” of P under the 
assumed condition is therefore a circle on as diameter. 

39 . One single equation between two unknown qaan- 
titfes X and y, e.g, 

+ y = l (1)» 

cannot completely determine the values of x and y. 



Such an equation has an infinite number of solutions. 

Amongst them are the following : 

cc-0,1 2,1 fic- 3,1 

y^O/’ y = -ir y— 2/*- 

y= 2/’ y- 3/’ ••• 

Let U8 mark down on paper a number of points whose 
coordinates (as defined in the last chapter) satisfy equation 
(!)• 

Let OX and <71' be the axes of coordinates. 

If we mark off a distance OP, (= 1 ) along OY, we have 
a point P, whose coordinates (0, 1) clearly satisfy equation 
(!)• 

If we mark off a distance OPj (= 1) along OX, we have 
a point P, whose coordinates (1, 0) satisfy (1). 
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Similarly the point -P,, (2, — 1), and P4, (3, - 2), satisfy 
the equation (1). 

Again, the coordinates (- 19 2) of P5 and the coordinates 
(- 2, 3) of Pj satisfy equation (1). 

On making the measurements carefully we should find 
that all the points we obtain lie on the line P1P9 (produced 
both ways). 

Again, if wc took any point lying on P1P2, and draw 
a perpendicular QM to OX^ we should find on measurement 
that the sum of its x and y (each taken with its proper 
sign) would be equal to unity, so that the coordinates of Q 
would satisfy (1). 

Also we should find no point, whose coordinates satisfy 
(1), which does not lie on 

All the points, lying on the straight line PjPj, and no 
others are therefore such that their coordinates satisfy the 
equation (1). 

This result is expressed in the language of Analytical 
Geometry by saying that (1) is the Equation to the Straight 
Line PjPj. 

I 

40. Consider again the equation 

+ = 4 ( 1 ). 

Amongst an infinite number of solutions of this equa- 
tion are the following : 


«=2, 

y=0. 

eo 

I) II 

II 11 

*= 1 ■) 

y = ^3/’ 

0 

II II 


as =-^2,1 

y=V2 J 

as = — ^3,1 

r* y=l j 

03®* — 

y=0 

00 

1 1 

II ii 

il il 

1 1 

[■ 

aj=*0, 
y 

1 

*!l 11 

’ y=-^/2j 
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All these points are respectively represented by the 
points Pj, ••• they ' 

will all be found to lie on the 
(lotted circle whoso centre is 0 
and radius is 2. 

Also, if we take any otlier 
point Q on this circle and its 
oixfinate QMy it follows, since 
OM^ + MQ^ — OQ^ — 4, that the x 
and y of the point Q satisfies (1). 

The dotted circle therefore 
passes through all the points whose 
coordinates satisfy (1). 

In the language of A\ialytical Geometry the equation 
(1) is therefore the equation to the above circle. 

41 . As another example let us trace the locus of the 
point whose coordinates satisfy the equation 

= (!)• 

If we give x a negative value wo see that y is im- 
possible; for the square of a 
real quantity cannot bo nega- 
tive. 

We see therefore that there 
are no points lying to the left 

of or. 

If we give x any positive 
value we see i^at y has two 
real corresponding values which 
are equal and of opposite signs. 

. The following values,* 
amongst an infinite number of 
others, satisfy (1), viz. 



»=i, 1 

* = 2, 

1 


y = + 2 or - 2/ ’ 

> 

<M 

II 

or.-2V2J ’ 

05=3 4 

\ *=16, 

1 

*= + ao, I 

y = + 4 or - 

4/’ “■ y = 8or 

-8/’ • 

y + 00 or — 00 J 


The origin is the first of these points and P| and Q|, 
Pq P,and Q,, ... represent the next pairs of points. 
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If we took a large number of values of x and the 
corresponding values of the points thus obtained would 
be found all to lie on the curve in the figure. 

Both of its branches would be found to stretch away to 
infinity towards the right of the figure. 

Also, if we took any point on this curve and measured 
with sufficient accuracy its x and y the values thus obtained 
would be found to satisfy equation (1). 

Also we should not be able to find any point, not lying 
on the curve, whose coordinates would satisfy (1). 

In the language of Analytical Geometry the equation 
(1) is the equation to the above curve. This curve is exiled 
a Parabola and will be fully discussed in Chapter X. 

43 . If a point move so as to <?jitisfy any given condition 
it will describe some definite curve, or locus, and there can 
always be found an equation between the x and y of any 
point on the path. 

This equation is called the equation to the locus or 
curve. Hence 

Def. Equation to a curve. 2Vie equation to a 
curve is the relation which exists between iJw coordinates of 
any point on the curve ^ and which holds for no other points 
except those lying on tlw curve, 

43 . Conversely to every equation between x and y it 
will be found that there is, in general, a definite geometrical 
locus. 

Thus ill Art. 39 the equation is x + y^l, and the 
definite path, or locus, is the straight line I\P 2 (produced 
indefinitely both ways). 

In Art. 40 the equation is = 4, and the definite 

path, or locus, is the dotted circle. 

Again the equation y = 1 states that the moving point 
is such that its ordinate is always unity, i.e. that it is 
always at a distance 1 from the axis of x. The definite 
path, or locus, is therefore a straight line parallel to OX 
and at a distance unity from it. 
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44. In the next chapter it will be found that if the 
equation be of the first degree (i,e. if it contain no 
products, squares, or higher powers of x and y) the locus 
corresponding is always a straight line. 

If the equation be of the second or higher degree, the 
corresponding locus is, in general, a curved line. 

. . We append a few simple examples of the forma- 

tion of the equation to a locus. 

Bx. 1. A point moves so that the algebraic sum of its distances 
from two given perpendicular axes is equal to a constant quantity a ; 
find the equation to its locus. 

Take the two straight lines as the axes of coordinates. Let (x^ y) 
be any point satisfying the given condition. We then have d; + y 

This being the relation connecting the coordinates of any point 
on the locus is the equation to the locus. 

It will be found in the next chapter that this equation represents 
a straight hue. 

Bac. 2. The sum of the squares of the distances of a moving point 
from the two fixed points (a, 0) and 0) is equal to a constant 
quantity 2c\ Find the equation to its locus. 

Let (x, y) be any position of the moving point. Then, by Art. 20, 
the condition of the question gives ^ 

1 (a: - a)® + y* } + { (j; + a)* + y*} = 2c*, 
i.c. j;*-t-y*=c*-a*. 

This being the relation between the coordinates of any, and eveiy, 
point that satisfies the given condition is, by Art. 42, the equation to 
the required locus. 

This equation tells us that the square of the distance of the point 

{Xt y) from the origin is constant and equal to c* - a*, and therefore 
the loons of the point is a circle whose centre is the origin. 

Bx. 8. A point moves so that its distance from the point (-1,0) 
is always three times its distance from the point (0, 2). 

Let (x, y) be any point which satisfies the given condition. We 
then ha\e 

V(i+l)‘+to-0)»‘=8V(* - 0)« + (y - 2)», 

SO that, on squaring, 

iB*+ 2a; + 1 +y*=9 (x*+y* - 4y +4), 
t.e. 8 (x» + y*) - 2x - 86y + 35 = 0. 

This being the relation between the coordinates of each, and 
every, point that satisfies the given relation is, by Art. 42, the 
required equation. 

It vdU be foundy in a later chapter, that this equation represents 
a oircleL 



so 
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By taking a number of solationa, as in Arts. 89 — 41, sketch 
the loci of the following equations : 

1. 2a?+3y==10. 2. 4a5-y-s7. 3. a?*-2aa5 + y*=s0. 

4, ar*-4//aj+y*+3a®=0. 6. 6. 84:=y*-9. 

« ^ V*- 

7-4+'y~l- 

A and B being the fixed points (a, 0) and ( -> a, 0) respectively, 
obtain the equations giving the locus of P, when 

8, PA^ - PB ^ = a constant quantity s 2k^ 

9, PAssnPB, n being constant. 

10, PA +PB=et a constant quantity. 

11, P1?*+PC“=2PA®, C being the point (c, 0). 

12, Find the locus of a point whose distance from the point (1, 2) 
is equal to its distance from the axis of 


Find the equation to the locus of a point which is always equi- 
distant from the points whose coordinates aie 

13, (1, 0) and (0, -2). 14. (2. 3) and (4, 6). 

15. a-b) and (a -6, a + 6). 

Find the Iquation to the locus of a point which moves so that 

16, its distance from the axis of x is three times its distance from 

the axis of y, • 

17. its distance from the point (a, 0) is always four times its dis- 
tance from the axis of y, 

18, the sum of the squares of its distances from the axes is equal 
to 3. 


19. the square df its distance from the point (0^ 2) is equal to 4. 

20. its distance from the point (3, 0) is throe times its distance 
from (0, 2). 

21. its distance from the axis of x is always one half its distance 
from the origin. 

22. A fixed point is at a perpendicular distance a from a fixed 
straight line and a point moves so that itg distance from the fixed 
point is always equal to its distance from %e fixed line. Find the 
equation to its locus, the axes of coor^aw being drawn through 
the fixed point and being parallel and perpendicular to the given 
line. 


23. In the previous question if the first distance be (1), always half, 
and (2), always twice, the second distanee, find the equations to the 
respMlive loci. 



CHAPTER IV. 

THE STHAIGUT LINE. KtCTANGULAR COORDINATES. 

46. find the equation to a straight line which is 
'parallel to one of the coordinate axes. 

Let CL be any line parallel to the axis of y and passing 
through a point C on the axis of x such that OC=^c. 

Let P be any point on this line whose coordinates are 
X and y. 

Then the abscissa of the point P is y ^ 

always c, so that p 

• Xr^O ( 1 ). 

This being true for every point on q q X 

the line CL (produced indefinitely both 
ways), and for no other point, is, by 
Art. 42, the equation to the line. 

It will be noted that the equation does not contain the 
coordinate 

Similarly the equation to a straight line parallel to the 
axis oi X is y = d. 

Oor. The equation to the axis of is y = 0. 

The equation to the axis of y is 0 ?= 0. 

47. To find the equation to a straight line which cuts 
off a given intercept on the axis of y and is indvned ol a 
given angle to the axis qf x. 

Let the given intercept be o and let the given angle be a. 
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Let (7 be a point on the axis of y such that OC is c. 
Through C draw a straight 
line A CZ' inclined at an angle 
a (= tan"^ rn) to the axis of ic, 
so that tan a = m. 

The straight line ZCL* is 
ther^ore the straight line 
required, and we to 

find the relation between the 
coordinates of any point F lying on it. 

Draw PM perpendicular to OX to meet in X a line 
throtigh C parallel to OX, 

Let the coordinates of P be a; and y, so that OM=x 
and MP - y * 

Then MP = NP + MN =- CilTtan a + OG . a: + c, 

i,e, ysmx-fC. , ' , 


This relation being true for mvy point on the givCn 
straight line is, by Art. 42, the equation to the straight 
line. 

[In this, and other similar cases, it could be shewn, 
conversely, that the equation is only true for points lying 
on the given straight line.] 

Cor. The equation to any straight line passing through 
the origin, i,e, which cuts off a zero intercept from the axis 
of y is found by putting o = 0 and hence is ^ = nix. 


48 . The angle a which is used in the previous article is the 
angle through which a i>traight line, oiiginally parallel to OX, would 
have to turn in order to coincide with the given direction the rotation 
being alwa} s in the positive direction. Also m is alwiiiys the tangent 
of this angle. In the case of such a straight line os AB, in the figure 
of Art. 50, m is equal to the tangent of the angle XAP (not of the 
angle PAO). In this case therefore m, being the tangent of an obtuse 
angle, is a negative quantity. 

The student should verify the truth of the equation of the last 
article for all points on the straight line LCV, and also for strai^'ht 
lines in other positions, e.g. for such a straignt line as AgB, in the 
figure of Art. 59. In this latter case both m and c are negative 
quantities. 

A careful consideration of all the possible oases of a few proposi- 
tions will soon satisfy him that tiiis v^fioation is not always 
necessary, but that it is sufficient to oonsUittr the standard figure. 
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40« Bx. The equation to the straight line cutting off an 
intercept 8 from the negative direction of the axis of y, and inclined 
at 120° to the axis of x, is 

psx tan 120° + (-3), 
i.e. 

ue. y+x^Q + 3=zO, 

50. To find the equation to the^ straight line which cuts 
ofifigiven intercepts a and h from the axes. 

Let A and i? be on OX and OY respectively, and be 
such that Oxi ~ a and OB ■= h. 

Join AB and produce it in- 
definitely both ways. T^et P be 
any point (», y) on tliis straight 
line, and draw jPJ/ perpendicular 
to OX. 

Wo require the relation that 
always holds between and so 
long as P lies on AB. 

By geometry, we have 

OM PB MP AP 

OA "AB^ OB^AB- 

. MP PB + j^ 

■■ OA^ OB" AB 

This is thei^fore the required equation; for it is the 
relation that holds between the 'coordinates of any point 
lying on tlltls given straight line. 

61. The equation in the preceding article may be also obtained 
by expressing the fact that the sum of the areas of the triangles OP A 
and OPB is equal to OAR, so that 

iaxy + ibxx=^iaxb, 

and hence 

a b 

as. Bx. 1. Find the equation to the straight Ihie passing 
through the point (8, -4) and cutting off intercepts^ equal but oj 
opposite signet from the two axee. 

Let the intercepts out off from the two axes be of lengths a and 

-a. 



L. 


2 
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The eqmtion to the etrslght line is fiien 

= 1 . 


a 


«-y-a (1). 

Since, in addition, the straight line is to go throngh the point 
(8, - 4), these coordinates must satisfy (1), so that 
8-(-4)=a, 

and therefore as?. • 

The required equation is therefore 
af-p=7. 

Bx. 9. Find the equation to the etraight line which pa»$ee through 
the point (-5, 4) and i« tueh that the portion of it between the axet u 
divided by the point in the ratio of 1:2. 

Let the required straight line be ~ + ^sl. This meets the axes 

in the points whose coordinates are (a, 0) and (0, b). 

The coordinates of the point dividing the line joining these 
points in the ratio 1 : 2, are (Art. 22) 

2.04-1.0 . 2.0+1. b .2a . b 

-an- 8 - 

If this be the point ( - 6, 4) we have 

SO that a s - and b s 12. 

The required straight line is therefore 

* y . 


i.e. 


4- ^ *=1 

-V 13 ’ 

5p>8x=s60. 


53. To find tJte equation to a straight line in terms of 
the perpendi^ar let faU upon it from ths origin and the 
angle that this perpendicular mahee with the axie of x. 

Let OR be the perpendicular from 0 and let its length 
be 7 ?. 

Let a be the angle that OR makes 
with OX. 

Let JP be any point, whose co- 
ordinates are x and y, lying on AB\ 
draw the ordinate PM^ and also ML 
perpendicular to OR and PN perpen- 
dicular to ML. 
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Then OL^OM QO%a (1), 

and LR^NP^ MPsin NMP. 

But ^ NMP = 90* - ^ NMO = z MOL = a. 

Xi? = ifP sin a (2). 

Hence, adding (1) and (2), we have 


, OM cos a + MP sin a = OL + LR = OR « /?, 

i.e. zcosa + ysln asp. 

This is the required equation. 


54 . In Arts. 47 — 53 we have found that the correspond- 
ing equations are only of the first degree in #and y. We 
shall now prove that ^ 

Any equation of the first degree in x a/nd y always repre- 
sents a straight line» 

For the most general form of such on equation is 

Ax *f Py + 0 = 0 

where if, P, and G are constants, quantities which do 
not contain x and y and which remain the same for all 
points on the locus. 

Lqt yi)> (®a» ya)^ and {x^^ y,) be any three points on 
the locus of the equation (1). 

Since the point (iVi, y^) lies on the locus, its coordinates 
when substituted for x and y in (1) must satisfy it. 


Hence Aos, + By^ + (7 = 0 (2). 

So • Ajc, + j5ya+ (7 = 0 (3), 

and ^ + J5y, + (7 = 0 (4). 


Since these three equations hold between the three quanti- 
ties if, J?, and (7, we can, as in Art. 12, eliminate them. 
The result is 


Vxy 

Vty 


1 

1 

1 


= 0 


( 6 ). 


But, by Art. 25, the relation (5) states that the area of the 
triangle whose vertices are (a;|, y,), (a^, y,), and {x^^ y,) is 
aero. 


Also these are any three points on the locus. 
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The locus must therefore be a straight line ; for a curved 
line could not be such that the triangle obtained bjr joining 
any three points on it should be zero. 

55. The proposition of the preceding article may also be deduced 
from Art. 47. For the equation 

jfz+Ry+C— 0 

may be written y = - -s* “ « » 

o IS 

and this is the same as the straight line 

a ^ and 

But in Art. 47 it was shewn that y=:mx + e was the equation to 
a straight line cutting off an intercept c from the axis of y and 
inclined at an angle tan-^m to the axis of x. 

The equation Ax + By-hC=0 / 

Q 

therefore represents a straight line cutting off an intercept - ^ from 

tlie axis of y and inclined at an angle tan'^ ^ (o the axis of x. 

56. We can reduce the general equation of the first 

degree .da; + ily + C = 0 (1) 

to the form of Art. 53. 

For, if p be the perpendicular fi-om the origin on. (1) 
and a the angle it makes with the axis, the equation to the 
straight line must be 

X cos a + y sin a -p - 0 (2). 

This equation must therefore bo the same^ (1). 

cos a sina^ — p 
Hence = ^ 

, ^ p COS a _ sin a _ Vcos® a + sin* a _ 1 

0 ~ ~A ~ ~u " ~ 

Hence 

-d . -7? ^ C 

cosats—; — rs=— , Sin a =-7===- , and - . 

The equation (1) ma y ther efore be reduced to the form (2) 
by dividing it by Vd* + and arranging it so that the 
constant term is negativa 
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A7. Has. Reduce to the perpendicular form the equation 

•c+yi^8 + 7=0.,, (1). 

Here Vr^¥=^4=2. 

Dividing (1) by 2, we have 

i* + y^ + i=0, 

i.tf. jc COB 240° +y sin 240° - }=0. 

58 . To trace the straight line given hy an equation of 
the first degree. 

Let the equation be 

ilaj + ^y+ (7=.0 (1). 

(a) This can be written in the form 

A B 

Comparing this with the result of Art. 50, we see that it 

C 

represents a straight line which cuts off intercepts — ~ and 

XJ 

— ^ from the axes. Its position is therefore known. * 
If C be zero, the equation (I) reduces to the fomi 


a 

and thus (by Art 47, Cor.) represents a straight line 
passing through the origin inclined at an angle tan'^ 
to the axis of x. Its position is therefore known. 

(j3) The straight line may also traced by finding 
the coordinates of any two points on it. 

(j 

If we put y = 0 in (1) we have a;=- — The point 
^ , 0^ therefore lies on it 
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Q 

If we put « = 0, we have y=- «> that the point 
(O, -£)lie8 on it. 


Hence, as before, wo have the position of the straight 
line. 

Hz. Trojct the straight lines 

(1) 3j;-4y + 7=0; (2) 7iJ + 8y + 9=:0; 

(3) 8y=a;; (4) jb= 2; (5) y=-2e 



(1) Patting y =0, we have *=! - J, 
and patting j:= 0, we have y={. * 

the Une***”*^^ ” 1) along the axis of x we have one point on 


Measuring OB^ (=}) along the axis of y we have another point. 
Hence AiBi^ produced both wajs, is the required line. 

^ (2) Putting in succession y and s equal to aero, we have the 

intercepts on the axes equal to - f aiid - f . 

If then f and OPgs - 1, we have .dg/lj the required line. 

(?) The point (0, 0) satisfies the equation so that the origin is on 
the line. ^ 


Also tlM point (8, 1), i.e, C,, lies on it. The required line is 
therefore OC3. 

W , The line xss 2 is, by Art. 46, parallel to the axis of y and passes 
through the point A^ on the axis of x such that OA.^2. 



60 . Straight Une at Inflnttgr. We have seen 
that tJif equation Ax + By + C—() represents a straight line 
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which cuts off intercepts 
coordinates. 

If A vanish, but not B or C, the intercept on the axis 
of X is infinitely great. The equation of the straight line 
then reduces to the form ^ = constant, and hence, as in 
Ait. 46, represents a straight line parallel to Ox, 

So if ^ vanish, but not A or C, the straight line meets 
the axis of y at an infinite distance and is therefore parallel 
to it. 

If A and £ both vanish, but not C, these two in> 
tercepts are both infinite and therefore the straight line 
0.a! + 0.y + (7-0is altogether at infinity. 

61 . The multiplication of an equation by a constant 
does not alter it. Thus the equations 

2a;-3y+5 = 0 and 10a?- iSy + 26 = 0 
represent the same straight line. 

Conversely, if two ^nations of the first degree repre- 
sent the same straight line, one equation must be equal to 
the other multiplied by a constant quantity, so that the 
ratios of the corresponding coefficients must be the same. 

^ For example, if the equations 

+ + = 0 and A^x + 61^=0 ^ 

represent the same straight line, we must have 

Ar^rc,^ 

62 . To Jind the equation to the straight line which 
passes through the two given points {x\ y') and {x'\ y"). 

By Art. 47, the equation to any straight line is 

y- mac + c (1). 

By properly determining the quantities m and c we can 
make (1) represent any straight linje we please. 

If (1) pass through the point (os', y'), we have 

y'«fiws' + c (2). 

Substituting for e from (2), the equation (1) becomes 

y-y' asm (3). 



40 


COOBDINATE GEOMETRY, 


This is the equation to the line going through (a /, }/) making 
an angle tan~^ m with OX. If in addition (3) passes through 
the point {x*\ y"), then 


giving 


y"-i/ 

X*' - x' * 


Substituting this value in (3), we get as the required 
equation 


y-r 






ea. Find the equation to the itraight line which paeaee 

through th^pointa (-1, 3) and (4, -2). 

Let the required equation be 

yszmx + e ( 1 ). 

Since (1) goes through the first point, we have 
3=-f7i-he, so that cs=m+3. 

Hence (1) becomea 

ysitnx+M+Z ( 2 ). 

If in addition the line goes through the second point, we have 
-2s4m + fn + 3, so that ma-l. 

Hence (2) becomes 

y=-a? + 2, t.e. ;r + ^=2. • 

Or, again, using the result of the last article the equation is ' 

i.e1, y^x^2. ^ 

64 . To fix de*finitely the position of a straight line we 
must have always two quantities given. Thus one point 
on the straight line and the direction of the straight line 
will determine it; or again two points lying on the straight 
line will determine it. 

Analytically, the general equation to a straight line 
will contain two arbitrary constants^ which will have to be 
determined so that the general equation may represent any 
particular straight line. 

Thus, in Art. 47, the quantities rn and e whidi remain 
the same, so long as we are conetdering the same straiglU 
line, ore the two constants for the straight line. 
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Similarly, in Art. 50, the quantities a and h are the 
constants for the straight line. 

65. In any equation to a locus the quantities x and 
which are the coordinates of any point on the locus, are 
called Current Coordinates ; the curve may be conceived as 
traced out by a point which runs’’ along the locus. 

BXAJiPLES. V. 

, y Find the equation to the straight line 

1, cutting off an intercept unity from the positive direction of the 
axis of y and inclined at 45^ to the axis of x, 

2. cutting off an intercept from the axis of y and being equally 
inclined to the axes. 

' 3. cutting off an intercept 2 from the negative direction of the 
axis of y and inclined at 30^ to OX. 

4. cutting off an intercept ~ 3 from the axis of y and inclined at 
an angle tan~^f to the axis of x. 

Find the equation to the straight line 

5. cutting off intercepts 3 and 2 from the axes. 

6. cutting off intercepts - 5 and 6 from the axes. 

7. Find the equation to the straight line which passes through the 
point (5, 6) and has intercepts on the axes 

(1) equal in magnitude and both positive* 

(2) equal in magnitude but opposite in sign. 

8. Find the equations to the straight lines which pass through t 
the point (1, -2) and out off equal distances from the two axes. 

9. Find the equation to the straight line which jmsses through ^ 
the ^ven point y') and is such that the given point bisects the 
part intercepted oetween the axes. 

10. Find ;tbe equation to the straight line which passes through < 
the point ( - 4* 3) and is such that the portion of it between the axes ' 
is divided oy the point in the ratio 5 : 8. 

Trace the straight lines whose equations are 

11, *+2y + 3=0. 12, 6je-7y-9-0. 

13. 8x+7y^0. 14. 2a;-3i/ + 4=0. 

Find the equations to the straight linos passing through the 
following pairs of points. 

15. (0,0) and (2, -2), 

‘ 17. (-1,0) and (6, -7). 


v/16. (B, 4) and (6, 6). 
✓18. (0, -a) and (6,0). 
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19. (a, &) and (a+i, a-b). 

20. W. *«*i) *«»d («<!*. S««i). ✓ 21. («ti, and (ai^, 

^ 2SL (acoa^i. asin^) and (aooi^, asin^,). 

23. (a <>08 ^ 4 ^) and {a oos b sin 

21. (a 9 eo 01 , 1 ) tan and (a seo 0 ,, 6 tan 0 ,). 

Find the equations to the sides of the triangles the coordinates of 
whose angular points are respectively 

26. (1,4). ( 2 .- 8 ). and (- 1 . - 2 ). 

26. ( 0 . 1 ), ( 2 , 0 ). and (- 1 ,- 2 ). 

27. Find the equations to the diagonals of the rectangle the 
equations of whose sides are x^a, «=sa'. p = and y=sb\ 

28. Find the equation to the straight line which bisects the 
distwce between the points (a, b) and (o', h') and also bisects the 
distance between the points ( - a, b) and (a\ - b'). 

20. Find the equations to the straight lines which go through the 
origin and trisect the TOrtion of the straight line 3;r + y = lJ which 
is intercepted between the axes of coordinates. 

Anglea betwaan atralght liiiea. 

66 . To find the angle between two given etraight lines. 

Let the two straight lines be AL^ and AL^^ meeting the 
axis of X in and Z,. 



I. Let their equations be 

Cl and y^m^x-^c^ ,(1). 

By Art 47 we therefore have 

ianALiX^mi^ and tanifZgZ^ntg. 

270W Im LlAIi^ Lm AZ| A*"* Lm AL^Xt 

tan LiAL^ — tan [ilZi A' — AL^2C\ 
tan AZ iX-tanAZsX _ 

1 + tan AL^X. ton AL^X 1 + mim^* 
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Hence the required angle = l. L^AL^ 


I tnn"'* *** 

l + n^m, 




[In anv namerinal example, if the qaantity (2) be a positive quan- 
tity it is the tangent of the acute angle between the lines ; if negative, 
it is the tangent of the obtuse angle.] 

• 

II. Let the equations of the straight lines be 

4- J5iy + = 0, 

and J,a! + jBjy + C, = 0. 

By dividing the equations by and A. they may be 
written 


and 


y — 


Comparing these with the equations of (I.), we see that 




Hence the required angle 


\ 


- tan"^ 


nil “ ^'*1 
1 + niiTn^ 


= tan ^ 



tan-* 


( 3 ). 


III. If the equations be given in the form 
oscosa + ^sina— jDi=:0 and ajcosjS + y sin = 
the perpendiculars from the origin make angles a and p 
with the axis of x. 


Now that angle between two straight lines, in which 
the origin lies, is the supplement of the angle between the 
perpendiculars, and the angle between these perpendiculars 
18 jS-eu 


[For, if QBi and OiZ, be the perpendiculars from the origin upon 
the two^Unes, then the points 0, Rj, IL, and A lie on a oufole, and 
hence the angles JR|OR| and are either equal or supplementaocy.] 
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67 > To find iha condition that two straight lines may 
he parcdlel. ^ 

Two straight lines are parallel when the angle between 
them is zero and therefore the tangent of this angle is zero. 

The equation (2) of the last article then gives 

as ]Xl 2 a 

Two straight lines whose equations are given in "the 
form are therefore parallel when their are the 

same, or, in other words, if their equations differ only in 
the constant term. 


The straight line Ax+By-\‘C^(i is any straight line which is 
parallel to the straight line + For the **7 »*b** of the 

two equations are the same. 

Again the equation A («-«') + clearly represents the 
straight line which passes through tl^ point {x\ y*) and is parallel to 
Aa: + By + C=0, 


The result (3) of the last article gives, as the condition 
for parallel lines, 


%,e. 


A' 


68. Bz. Find the equation to the ttraipht line^ which paekee 
through the point (4, - 5), and which U parallel to the straight Jiine 

3*+4y + 6rt:0 (1). 

Any straight line which is parallel to (1) has its equation of the 
form 

8j: + 4y + C=0 * (3). 

[For the of both (1) and (2) is the same.] 

This straight line will pass through the point (4, - 5) if 
3x4 + 4x(-6) + CsO, 
ue.it (7*20-12=8. 

The equation (2) then becomes 

3a; + 4y + 8=0. 

69. To find the condition that two straight lines^ whose 
equations are given^ may he perpendicular. 

Let the straight lines be 


and 
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If be the angle between them we have, by Art. 66, 


.(1). 


tan 

If the lines be perpendicular, then ^==90*, and therefore 
tan 00 . 


• The right-liand member of equation (1) must therefore 
be infinite, and this can only happen when its denominator 
is zero. 


The condition of perpendicularity is therefore tliat 
1 + — 0, i.e. ss — 1. 

The straight line y ^ m^x + Cj is therefore perpendicular 

to y = 7Wia: + Ci, if = — . 

^ Mlj 

It fallows that the straight lines 

j5,y + Cj = 0 and Asa + + Cj = 0, 


A A 

for which mi = — ~ and — are at right angles if 


i.e. if 




70. From the preceding article it follows that the two 


straight lines 

A^x + JJ^y + Ci^-^O ( 1 ), 

and BiX - A^ + C7j = 0 (2), 


are at right angles ; for the product of their m’s 


X ^ - 1 

“ Jh Ar 

Also (2) is derived from (1) by interchanging the coefficients 
of X and y, changing the sign of one of them, and changing 
the constant into any other constant. 


Bz. The straight line through (a:', y') perpendicular to (1) is (2) 
where Piss' --4^+ (7^=0, so that 
This strai^t line is therefore 
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71, mau 1. Find the equation to the et^aight lino which pauee 
through the point (4, - 5) and i$ perpendicular to the etraight line 

8jr+4y+5=0 (1). 

Firet Method, Any stxaight line perpendicular to (1) is by the 
last article 

Ar-Sy + CssO (2). 

rV7e should* expect an arbitrary constant in (2) because there are 
an mfinite number of straight lilies perpendicular to (1).] . 

The straight line (2) passes through the point (4, - 5} if 
4x4-8x(-6) + C«0, 
f.e. if C= -16-16= -81. 

The required equation is therefore 

4« - 8y 81. 

Second Method, Any straight line passing through the given 
point is 

g^(-6)=sm(z-‘4). 

This straight line is perpendicular to (1) if the product of their 
m*8 is - 1, 

i.e. if i»x(-J)=:-l, 

i.e, if mss }. 

The required equation is therefore 

y + 6-|(a?-4), 

i,e, 4as-Sy=31. « 

Third Method. Any straight line is y » mx + c. It passes throned 


the point (4, - 5), if « 

-6=4w+c (3). 

It is pexpendicular to (1) if 

mx(-|)=-l (4). 

Hence m=| and then (3) gives 


The required equation is therefore y = Jo; - V « ** 

{.s. 4«-8y=:31. 

[In the first method, vre start with any straight line which Is 
perpendicular to the given straight line and pick out that particular 
straight line which goes through the given po&t. 

In the second method, we start with any straight line passing 
through the given point and pick out that particular one which is 
per^^dicular to the given straight line. 

In the third method, we start with any straight line whatever and 
determine Its constants, so that it may satisfy the two given 
oonditionB. 

The student should illustrate by figures.] 

asu A. Find the equation to the etraighl line which paeeee through 
the point y') and ie perpendicular to the gioen etraight line 

yy'afia (a-faO* 
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The given straight line is 

yy* - 2ax - dAe'asO. 

Any straight line perpendionlar to it is (Art. 70) 

Oog+xy'+CasO (1). 

This vrill pass through the point (jc^, and therefore will be the 
straight line required if the coordinates and y' sotic^y it, 
i,eAt 

Substituting in (1) for C the required equation is therefore 

(y -y') +y' («- *')=0. 



72. To find the equatione to the etraigJU linee which 
p<M8 through a given poivJt {x\ y*) and make a given angle a 
with ike given straight liny y = mx + c. 

Let P be the given point and let the given straight line 
be LMN^ making an angle $ 
with the axis of x suqh that 
tan d = m. 

In general (i,e. except when 
a is a right angle or aero) there 
are two straight lines PJaP and 
PNS making an angle a with 
tjie given line. 

Let these lines meet the axis of x in R and S and let 
them make angles ^ and with the positive direction of 
the axis of x, 

Tlie equations to the two required straight lines are 
therefore (by^rt. 62 ) 

y - y' s= tan ^ x (a; — »') 

and y-y' = tan<^' x(aj — a?')., 

Now ^ ^ LMB + L RLM^ a + 

and ^ Ziran- l SLN^ (ISO* - a) + d 

Hence 


*( 1 ). 

.( 2 ). 


tan ^ tan (a + 0 ) - 


tana + tan 0 tana + m 


1 — tana tan 0 1 — mtana’ 


and tan tan ( 180 * + 0 - a) 

iO tanO- t ana tn- tana 

^ 1 4. tan 0 tan a ~ 1 +mtana* 
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On substituting these yalues in (i) and (2), we have as 

the required equations 

, m + tano , 

v-y = 1 — I — 

^ 1— nitana' " 


and 


y-y.^ — 


m ~ tan a 


ni tan a 


(oj— a:'). 


EXAMPLES. VI. 

.Find the angles between the pairs of straight lines 

1. ir-yx/3-6 and + y=7. , 

2. *-4ys3s3 and 6x“y=ll. 3. y = 3*+7 and 3y-'«=8. 
-^4. y=(2-i^3)j;+5 and y=(2+i,y3)i;-7. 

6. (m®-iaii)y=(iim+n*)a;+fi* and (mn+7n®)y = (ro7i-n*)a;+i»*. 

6. Find the tangent of the angle between the lines whose inter- 
cepts on the axes are respectively a, ^ and -h. 

7. Prove that the points (2» - 1), (0, 2), (2, 3), and (4, 0) are tbe 
coordinates of the angular points of a parallelogram and find the 
angle between its diagonals. 

Find the equation to the straight line 

' 8. ^passing through the point (2, 3) and perpendicular to the 

straight line 4d;-3ys=10. 

0. jessing through the point ( - 6, 10) and perpendicular to tfie 
straight line fx+Sysfi. 

lOT ' passing through the point (2, - 3) and perpendicular to tbe 
straight line joining the points (5, 7) and ( - 6, 3). 

11. passii^ through the point ( - 4, - 3) and pemndioular to the 
sti aigbt line joining (I, 3) and (2, 7). ** 

^ 12. Find the equation to the straight line drawn at right angles to 

the straight line through the point where it meets the axis 

of or. 

13. Find the equation to the straight line whidi bisects, and is 
perpendicular to, the straight line joining the points (u, h) and 

V)» ^ 

14. Pxoto that the equation to the straight line which passes 
through the point (acos^tf, asin'^d) and is perpendicular to the 
etrai^t line s? sec d-f y cosee d-a is a cos 9 - y sin tfsacos 

15. Find the equations to the straight lines passing through (j/, /) 
and respectively perpendicular to the straight Imes 

aa'+yy'ssa*, 
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-af+ 

and a;'y+*y'=a*. 

16. Find the equations to the straight lines which divide, internally 
and externally, the line joining ( - 3, 7) to (5, » 4) in the ratio of 4 : 7 
and which are perpendicular to this line. 

17. Through the point (3, 4) are drawn two straight lines each 

inoliued at 45** to the straight line Find their equations 

and find also the area included by the three lines. 

18. Shew that the equations to the straight lines passing through 
the point ^3, -> 2) and inclined at CO** to the line 

are y + 2=0 and y -/^3x + 2 + 3^3=;0. 

19. Find the equations to the straight lines which pass through 
the origin and are inclined at ^5** to the straight line 

« + y+is/3(y-ar)=o. 


20. Find the equations to tl:^ straight lines which pass through 
the point (A, k) and are inclined at an angle tan~i m to the straight 
line p s fine + c. 


21. Find the angle between the two straight lines &r=4y+7 and 
5y = 12x + 6 and also the equations to the two straiQ^t lines which 
pass through the point (4, 5) and make equal angles with the two 
given lines. 


73. To shew that the point (a?', y') w on one side or the 
other of the straight line Ax + By + (7 = 0 according as the 
qMntity Ax' ^ By' + (7 is positive or negative. 

Let LM be the given straight line and F any point 


y'). 

Through F draw FQ^ parallel to Y 
the axis of to meet the given 
straight line in and let the co- 
ordinates of Q be («', y"), 

Since Q lies on the given line, we O 
have 

iiaj' + J5y" + (7 = 0, 

BO that = (1). 


It is clear from the figure that FQ is drawn parallel to 
the positive or negative direction of the axis of y according 
as P is on one side, or the other, of the straight lino Lii, 
ie, according as y" is > or < y', 
i.e, according as y" - y' is positive or negative. 
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Now, by (1), 

The point (x\ y') is therefore on one side or the«other of 
LM according as the quantity Aa/ + + (7 is n^ative or 

positive, 

Oor. The point {x\ y') and the origin are on the same 
side of the given line if + By^ + C and iixO + ^xO + C 
have the same signs, is. if Am^ + Bf/ + C has tlie same sign 
as (7. 

If these two quantities have opposite signs, then the 
origin and the point (x\ y') are on opposite sides of the 
given line. 


74. The condition that two points may lie on the 
same or opposite sides of a given line may also be obtained 
by considering the ratio in which the line joining the two 
points is cut % the given line. 

For let the equation to the given line be 

Ax 4 * By 4 * 0 » 0.. .........(I), 

and let the coordinates of the two given points be (a?|, y^) 
and (»a» ya)- 

The coordinates of the point which divides in the ratio 
mi : m, the line joining these points are, by Art. 22, 

wii + m, + A***"* \ 7* 

If this point lie on the given line we have 


^^mix^ + m^i ^ j nhy,4mayi ^ ^ 
ni| 4 mj 4 m, 

that = 


0 , 


.(3). 


AXf 4 By^ 4 (7 

If the point (2) be between the two given points (a^, y^) 
and (as^, y^), if these two points be on i>j^site sides (rf 
the given line, the ratio positive 

In diis case, by (3) the two quantities Axi 4 By^ 4 C 
and AXf 4 By^ 4 C have opposite signs. 

The two points yi) and (as^i y^ therefore lie on the op- 
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poBite (or the same) sides of the straight line ilos + + C « 0 

according as the quantities + C and Ax^ + + C 

have opposite (or the same) signs. 

Lengths of perpendiculars. 

76. To find the length of the perpendicular let faU from 
a given point upon a given straight line. 



(i) Let the equation of the straight line be 

«cosa + y sin a — psO (1), 

no that, if p be the perpendicular on it, we have 
ON^p and lXON^o. 

Let the given point P bo (a/, y'), 

• Through P draw PP parallel to the given line to meet 
ON produced in R and draw PQ the required perpendicular. 
If OR be p\ the equation to PR is, by Art. 53, 
m cos a y sin o — p' = 0. 

Since this passes through the point (x', y'), we have 
0 ^ cos a + y' sin a -p' = 0, 
so that p'ss 0/0080 + y sin a. 

But the required perpendicular 

= P(2 = iV^P - OP - OiVr = p' - p 

' ax'cosa-i-y'slna-p (2). 

The length of the required perpendicular is therefore 
obtained by suLctituting d and g for x and y in the given 
equation. 

(ii) Let the equation to the straight line be 

Ax + Py + 0=i0...* (3), 

the equation being written so that 0 is a negative quantity. 
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As in Art. 56 this equation is reduced to the form (1) 
hy dividing it by VA*4-^. It then becomes 


Ax 


By 


■=■ + 


Hence 


+ ir* Va* -f AP Va® +- A* 


-0. 


cos a — -;rr- 


sina = 


i? , C 

= -*7 — ==r, and — W = -7rr-^=:±r . 

Va*+a=‘ ^ Va»+a» 


VA^ + jB* 

The perpendicular from the point {x\ y') therefore 
= x' cos a + y' sin a - p 

Ax^-I-Br + O 


The length of the perpendicular from (x\ y') on (3) is 
therefore obtained by substituting x' and y' for x and y in 
the left-hand member of (3), and dividing the result so 
obtained by the square root of the sum of the squares of 
the coefficients of x and y. 

Cor. 1. The perpendicular from the origin 
= (7.^>/A* + if*. 

Oor. 2. The length of the perpendicular is, by Art. 73, 
positive or negative according as (x', y') is on one side* or 
the other of th^e given line. 

7d. The length of the perpendicular may also be 
obtained as follows : 

As in the figure of the last article let the straight lino 
meet the axes in L and if, so that 

OL= -% and 

A JS 

Let FQ be the perpendicular from P (os', y') on the 
given line and FS and FT the perpendiculars on the axes 
of coordinates. 

We then have 

A FML + A MOL ^ A OLF ^C^OFM, 
t.a., since the area of a triangle is one half tiie product of 
its base and perpendicular hfdght, 

PQ.LM^OL.OM^OL.FS^OM.PT. 
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since C7 is a negative quantity. 

Hence 

^ g c g 

y(..q+ ^ 


PQx 

SO that 


AB 




( 4 ) 


of, 


PQ = + BiJ + C 

jA*np 


EZAMPT.TO. Vn. 

V 

Find the length of the perpendicular drawn from 

the point (4, 5) upon the straight line + 4y = 10. 

^ 2 . the origin upon the straight line | ~ 4 = ^* 

/ 3 . the point ( - 8, - 4) upon the straight line 
12(* + 6)«6(y-2). 

X V 

4, the point (8, a) upon the straight line ~ - -=1. 

^5. Find the length of the perpendicular from the origin upon the 
straight line joining the two points whose coordinates are 
(a cos a, a sin a) and (a cos a sin p), 

6, Shew that the product of the perpendiculars drawn from the 
two points ( 8^, 0) upon the straight line 

-008d + T8U^^=^l is 6*. 
a h 

7, If p and p* be the perpendiculars from the origin upon the 
strai^t lines whose equations are x sec d +p coseo d=a and 

a;coB dxyBind=acos2d, 
prove that 4p*+p'*=ro*. 

8. Find the distance between the two parallel straight lines 

pssfiu;^^ and psmjE+d. 

9. What are the points on the axis of x whose perpendicular 

distance from the straight line ~ + ^:q:li8a? 

a Q 

4 10. Shew that the perpendioolaTa let fiall from any point of the 

BitBXibi line 2x-{-lly^5 upon the two straight lines 24«+7ps:20 
and 44 ?- 8 psB 8 am equal to each other. 
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11. Find the perpendicular distance from the origin of the 
perpendicnlar from the point (1, 2) upon the straight line 

77 » To Jind the eoordinatee of the point of interaection 
of two given straight lines. 

Let the equations of the two straight lines be 


ajOJ + 6jy + Cl = 0 (1), 

and 4- c, = 0 (2), 


and let the straight lines be ALi and AL^ as in the figure 
of Art. 66. 

Since (1) is the equation of AL^ the coordinates of any 
point on it must satisfy the equation (1). So the coordi- 
nates of any point on AL^ satisfy equation (2). 

Sovr the only point which is common to these two 
straight lines is their point of intersection A, 

The coordinates of this point must therefore satisfy 
both (1) and (2). 

If therefore A be the point ^i), we have 


+ = 0 (3)^ 

and OjOffi + + c, = 0 (4). 

Solving (3) and (4) we have (as in Art. 3) 

Vi _ 1 


6iC, - CjOj - c^j a, 6, - ajl>^ ’ 

so that the coordinates of the required common point are 

• 6iC2^6a^i CiOg — 

a^^-aj)i 0163— ag6i 

7S. The coordinates of the point of intersection found 
in the last article are infinite if 

~ 0. 

But from Art. 67 we know that the two straight lines 
are parallel if this condition holds. 

Hence parallel lines must be looked upon as lines whose 
point of intersection is at on infinite distance. 
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79 . To find the condition that three etraigkt linee may 


meet in a point. 

Let their equatione be 

aja + 5iy + Ci = 0 (1), 

o^a: + 6^ + <5j = 0 (2), 

an^ Oa® + 6ay + Ca = 0 (3). 


By Art, 77 the coordinates of the point of intersection 
of (1) and (2) are 

^>^^4 and (4). 

OjOj — a fix Oxb^ — cbfix 

If the three straight lines meet in a point, the point of 
intersection of (1) and (2) must lie on (3). Hence the 
values (4) must satisfy (3), so that 


6|Ca hfix . L ^ CiOa — Cfix __ 
aib.j-a^i * — • 


1 *. e, Oa - dfii) + 6s (ciOg - CjO,) + c, - a^i) - 0, 
i,e, Oj (6fis — Va) + ^1 (cfis-cfi^) + Cj (a^s - a^^s) = 0 ... (5). 


Aliter. If the three straight lines meet in a point let 
it be (xxf yi), so that the values and yx satisfy the 
equations (1), (2), and (3), and hence 

+ 6xyx + Cl *= 0, 

OiiBi + + c, = 0, 

and ofiix 6^x Cj — 0. 

The condition that these three equations should hold 
between the two quantities Xx and yx is, as in Art. 12, 

I hy I 


Os, 6s, Cg 


= 0 , 


I (h, 

which is the same as equation (5). 


80. Another criterion as to whether the three straight 
lines of the previous article meet in a point is the following. 

If any three quantities p, q, and r can bo found so 
that ^ 

p (oxpB + i,y + Cj) + 5 ^ (afit + + c,) + r (ofis + 6,^ + c,) = 0 

identically, then the three straight lines meet in a point. 
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For in this case we have 

«scc + fcay + + <?i) — “ («a® + ^^+<59) •••(!)• 

Now the coordinates of the point of intersection of the 
first two of the lines make the right*hand side of (1) vanish. 
Hence the same coordinates make the left>hand side vanish. 
The point of intersection of the first two therefore satisfies 
the equation to the third line and all three therefore meet 
in a point. 

81. Bx. 1 . Shew that the three straight lines 2a;-8y + 5=0, 
3x+4y-7=0t and + meet in a point. 

If we multiply these three equations by 3, 1, and -1 we have 
identically 

3(2*-3y + 6) + (3x + 4y-7)-(9ap-6y + 8)=s0. 

The coordinates of the point of intersection of the first two lines 
make the first two brackets of this equation vanish and hence make 
the third vanish. The common point of intersection of the first two 
therefore satisfies the third equation. The three straight lines 
therefore meet in a point. 

8x. 9. Prove that the three perpendiculars drawn from the 
vertices of a triangle upon the opposite sides all meet in a point. 

Let the triangle he ABC and let its angular points be the points 

(n. yi)> (•*!. y*). (*». y»)- 

The equation to BC a y-y, — (x - *,). 

The equation to the perpendicular from A on this straight line is 


y - yi= - {x - Xih 

Vs-ytt 

i.«. » (yt - yi) + * (*» - *.) = yi (Vi - y J + *1 (*i - *a) W- 

So the perpendiculars from B and C on CA and AB are 

y (yi - y») + * (*i - a*) = y* (Vi - y») + *1 (*i - *•) (2) . 

end y (y»- Vi) +» {®, - *i) =y» (y» - yi) +*, - *,) (S). 


On adding these three equations their sum identically vanishea 
The straight lines represented by them therefore meet in a point. 

This point is called the eitlioceatre of the triangle. 

82. To find the equeUion to any atra/ight line which 
paeeee through the intereection of Use two eWaight linee 


a,aV6iy + Ci = 0 (1), 

arid -f 5,^ + c, = 0 (2). 
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(^11 ^i) ^ common point of the equations (1) 
and (2) we may, as in Art. 77, find the values of and 2/u 
and then the ec^uation to any straight line through it is 

where m is any quantity whatever. 

Aliter. If be the common point of the two straight 
lines, then botli equations (1) and (2) are satisfied by the 
coordinates of the point A, 

Hence tlie equation 

ttjX + + Oi + X (ojaff + + c*) = 0 (3) 

is satisfied by the coordinates of the common point A, 
where X is any arbitrary constant. 

But (3), being of the first degree in x and y, always 
represents a straight line. 

It therefo^e represents a straight line passing through A. 

Also the arbitrary constant X maybe so chosen that (3) 
may fulfil any other condition. It therefore represents 
any straight line passing through A. 

SS. Bx. Find the equation to the etraight Ihie which paeeee 


through the intersection of the straight lines 

2a!-3y + 4 = 0, 3x + 4y-6 = 0 (1), 

and U perpendicular to the etraight line 

Cj:-7y + 8 = 0 (2). 


Solving the equations (1), the coordinates pi of their common 
point ore given by 

Fi ^ 

(-rt)(-5) -4x4'"4x3-2x(-6) 2x4-3x(-3) 

BO tliat ari= - and yi=ff. 

The equation of any straight line through this common point ia 
therefore 

This straight line is, by Art. C9, perpendicular to (2) if 
fit X fas. - 1, i,e, if w= ~ (. 

The required equation ia therefore 

119:r+102p=sl25. 
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Alltcr. Any straight line through the intersection of the straight 
lines (1) is 

20 - 3y + 4 + X (3 j; + 4y * 5) s 0, 

U. (2 + 8X) 0+ y (4X - 8) + 4 - 6X==0 (8). 

This straight line is perpendicular to (2), if 

6 (2 + 3X) - 7 (4X - 3) =0, (Art. 69) 

U. if X=t4. 

The e<iuation (3) is therefore 

a?(2+«)+y(W-8)+4-W=0. 
i.e. 1190 + 102p- 126=0. 


Bisectoni of angles between straight lines. 

84. To find ths tquationa of tfis bisectors of tbjs angles 
between die stralgJu lines 

Ojo: + 6,y + Cl 0 ; (1), 

a/nd a 2 ^ + 6jiy + C 3 = 0 (2). 


X 

Let the two straight lines be AL^ and A and let the 
bisectors of the angles between them be ilifi and AM^. 

Let P be any point on either of these bisectors and 
draw PA^i and FN^ perpendicular to the given lines. 

The triangles PAN-^ and FAN^ are equal in all respects^ 
so that the perpendiculars FN^ and FN^ are equal in 
magnitude. 

Let the equations to the straight lines be written 
so that Cl and c, are both negative, and to the quantities 

Ja^lTb? and Jaf + bf let the positive sign be prefixed. 
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If P be the point (5, A), the numerical values of PiVj 
and PAT, are (by Art 75) 


g^A + hjc 4 - Cl 

Ja,* + V 


and 


aji, + 5aA + Ca 

Jaf + hf 


If P lie on i.e. on the bisector of the angle 

between the two straight lines in which the origin lies, the 
point P and the origin lie on the same side of each of the 
two lines. Hence (by Art 73, Cor.) the two quantities (1) 
have the same sign as and respectively. 


In this case, since and have the same 
quantities (1) have the same sign, and hence 
ajt + 5jA + ^ ^ aji + 6jA + Cj 


sign, 


the 




\/o/ 




But this is the condition that the point (A, k) may lie on 
the straight line 

g,aj + bjp + Cl _ O gag + 

\/ga* + V * 

which is therefore the equation to AMy. 

If, however, P lie on the other bisector AM^^ the two 
quantities (1) will have opposite signs, so that the equation 
to AM^ will be 

a^x + h^y + c, _ g./c + 63^ + c, 
tja^ + 5i* 

The equations to the original lines being therefore 
arranged so that the constant terms are both positive (or 
both negative) the equation to the bisectors is 

the upper sign giving the bisector of the angle in which 
the origin lies. 


•a. Find the eqiMtione to the biaeetors of the anglee 

between the etnUght linee 

8a?-4y + 7s»0 and 12a!-%-8=:0. 

Wilting the equations so that their constant terms are txith 
positive they are 

8*-4y+7=s0 and -124f+6y+8=s0. 
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The equation to the biaeotor of the angle in ^rhioh the origin lies 
is therefore 

33p-4y + 7_ ~12ap+5 y4-8 
*“ s/I2«+65 • 

i.e, 13(3x-4y + 7)=6(-12x + By + 8), 

t.e. 99a: -77y+ 51=0. 

The equation to the other hiseetor is 

3a:-4 y-f 7_ -^12a:+5y+8 

/i/aaTP * 

i.e. 13(3a:-4y + 7) + 6(-12* + 5y + 8)=0, 

i.e. 21* +27y- 131=0. 


86 . It will be found useful in a later chapter to have 
the equation to a straight line, which passes through a 
given point and makes a given angle 6 with a given line, in 
a form different from that of Art. 62. 


Let A be the given point (A, k) and L'AL a straight 
line through it inclined at an 
angle $ to the axis of x. 

Take any point P, whose 
coordinates are (x, y), lying on 
this line, and let the distance 
AF be r. 

Draw FM perpendicular 
to the axis of x and AN perpendicular to FJf, 

Then a: - A - AN AF cos = r cos 0, 



and 


Hence 


y^k^ NF = AF sin ^ = r sin 

0090 Bind 


( 1 ). 


This being the relation holding between the coordinates 
of any point F on the line is the equation required. 

Cor. From (1) we have 

x=^h + r cos 0 and y = k + r sin 0, 

The coordinates of any point on the given line are 
therefore A + rcostf and A + rsin^. 


87 . To jlmd ike length of the etraight line drawn 
ih/rough a given jpoint in a given direction to meet a given 
gtraight line. 
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Let the given straight line be 

Ax-¥ By -^C ^0 (1). 

Let the given point A be (A, k) and the given direction 
one making an angle 6 with the axis of x. 

Let the line drawn through A meet the straight line 
(1) in P and let AP be r. 

the corollary to the last article the coordinates 
of P are 

h + r cos $ and A + r sin 6. 

Since these cooidinates satisfy (1) we have 
A{h-\-r cos ^) + (A + r sin d) + (7 = 0. 

* * ~ Xcos sin 6^ 

giving the length AP which is required. 

Oor. Prom the preceding may be deduced the length 
of the perpendicular drawn from (A, k) upon (1). 

For the “ m ” of the straight line drawn through A is 

tan ^ and the “m” of (1) is — 

This straight line is perpendicular to (1) if 


tan ® = ^ > 


SO that 
and hence 


A COB B sin $ - 


■.p£ 


Substituting this value in (2) vre have the magnitude 
of the required perpendicular. 


EXAMPLES. Tin. 

/ Find the ooordinatea of the points of interseotion of the straight 
lines whose equations are 

1. 2e-»8y+5=0 and 7«+4ysB8. ^ 
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? + |ssl and = 

AO O A 


[Bxi. 


'3, y=iiiix + ^ Mia y=»iv+ -i. 

Wlj T/i^ 

4. « 000 01+2^ Bin ^sA and «oos0|+y Bin 

5. Two straight lines ent the axis of a at distanoes a and - a and 
the axis of y at distances h and 6' respeotively ; find the coordinates 
of their point of intersection. 

6. Find the distance of the point of intersection of the two 
straight lines 

lLr-8p + 6=0 and SdB+dpsO 
from the stiai^t line 
;r 6*-2y=0. 

/ 7 . Shew that the perpendioolar f.om the origin npon the 
•^straight line joining the points 

(a cos a, a sin a) and (a cos p, a sin fi) 
bisects the distance between them. 


8. Bind the equations of the two straight lines drawn through 
the point (0, a) on which the perpendiculars let fall from the point 
(3a, 2a) are eacn of length a. 

Frove also that the equacion of the straight line joining the feet 
of these perpendiculars is y -f 5a. 

9. Find the point of intersection and the inclination of the two 

lines •• 

Ax^By^A^B and A («-p)+B(ai+p)K8B. 

10. Find the coordinates of the point m which the line 

2p->8x+7s0 

meets the line joining the two points (6, - 2) and ( - 8, 7). Find also 
the angle between them. 

11. Find the coordinates of the feet of the perpendiculars let fall 
from the point (5, 0) upon the sides of the triangle formed by joining 
the three points (4, 8), ( - 4, 8), and (0, - 5) ; prove also that the 
points so determined lie on a straight line. 

12. Find the coordinates of the point of intersection of the 
straight lines 

2d;.8ys>l and 5p«df3=8, 

and determine also the angle at which they out one another. 

13. Find the angle between the two lines 

8«+y4'12s0 mid a+2p-la0, 

* Find also the coordinates of their point of interseetion and the 
equations of lines drawn perpendicular to them from the point 
( 8 , - 2 ). ; 
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14. Prove that the points whose coordinates are respectively 
(5« 1), (1, - 1), and (11, 4) lie on a straight line, and find its intercepts 
on the axes. 

Prove that the following seta of three lines meet in a point. 

15. 2x-8y = 7, and 8:r-llps:88. 

' 16. 8d: + 4p + 6=0, 6j; + 5y-f9»0, and Bx-f 3p-f5=s0. 




IS. Prove that the three straight lines whose equations are 
15j;-18p + l=s0, 12a+10p*>8a0, and 6d; + 66p ~ llsO 
all meet in a point. 

Shew also that the third line bisects the angle between the other 
two. 


19. Find the conditions that the straight lines 

ystm^x + ai, and y = + 

may meet in a point. 

Find the coordinates of the orthocentre of the triangles whose 
angular points are 
. no. (0.0). (2,-1), and (-1,8). 

21. (1.0), (2,-4), and (-6,-2). 

22. In ony triangle ABC, prove that 

(1) the bisectors of the angles A, and C meet in a point, 

(2) the medians, te, the lines joining each vertex to the middle 

point of the opposite side, meet in a point, 
and (8) the straight lines throu^ the middle points of the sides 
perpendicular to the sides meet in a point. 

Find the equation to the straight line passing through 

23. the point (3. 2) and the point of intersection of the lines 

2x+8ys=l and 8x-4y=6. 

24. the point (2, - 9) and the intersection of the lines 

2x + 6p-6a;0 and Sx-4y=86. 

25. the origin and the point of intersection of 

x^y~4s0 and 7a: + y + 20*:0, 
proving that it bisects the angle between them. 

V 26. thd origin and the point of intersection of the lines 


X 

a 


+ 


V 

b 


SB 1 and T 4* 
o 



27. the point (a, 6) and the intersection of the same two lines, 
ths intersection of the lines 

«-2y-as0 and «-l-3y-2aaB0 
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{Ea. 


and parallel to the straight line 

29. * the intersection of the lines 

x+2y-f33:0 and 8x + 4y + 7»0 
and peix>endioular to the straight line 
y-4f=8. 

30. the intersection of the lines ^ 

♦ 8j!-4y + l=0 and 5j6+y-l~0 

and cutting off equal intercepts from the axes. 

31. the intersection of the lines 

2x-8y = 10 and x+2y=6 
and the intersection of the lines 

16j;-10y=83 and 12j; + 14y + ^=:0. 

32. If through the angular points of a triangle straight lines be 
drawn parallel to the sides, and if the intersections of these lines be 
joined to the opposite angular points of the triangle, show that the 
Joining lines so obtained will meet in a point. 

33. Find the equations to the straight lines passing through the 
point of intersection of the straight lines 

+ and + and 

(1) passing through the origin, 

(2) parallel to the axis of y, 

(8) cutting off a given distance a from the axis of y, ^ 

and (4) passing through a given jioint (a/, y'). 

34. Prove that the diagonals of the parallelogram formed by the 
four straight lines 

^8a;+y~0, ,y3y + «=0, ^8«+y=-l, and ^3y + 4?=l 
are at right angles to one another. 

36, Prove the same property lor the parallelogram whose sides 
are 


a b b a ' a b * b a 


36. One side of a sc^uare is inclined to the axis of x at an angle a 
and one of its extremities is at the origin ; prove that the equations 
to its diagonals are 

y (cos a - sin a)ss« (sin a + cos a) 
and y(sina+co8a)+«(cosa-sina)=a 

where a is the length of the side of the square. 

Find the equations to the straight lines bisecting the angles 
between the following pairs of Straight lines, placing first the bieector 
of the angle in which tna origin lies. 

87. «+yiy8»6+2iyBand**-y«y8ss6-2VB« 
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m3 

38. 12x+6jr-^«a0ftnd&r-f42r+7a>0. 

39. ii-fSir-TsiOtiidSit+Ty-SlBO. 

43t 3dr4-jriB>4 Mid yH-&i>s6. 

' 41. I^d thftbitaoton of tbeanglet between tbeilmight lines 
W-b=j^(s-a) andy-b«j^(x-a). 

Fnd the equations to the biseetors of the internal angles of the 
triangles Uie equations of whose sides are respectively 

42e 8j6+4y=:6, 12d;-5ys9, and 44P-dy+12=0. 

43* 8a;+6y=15, «+y-4, and Sb+y^G. 

44. the equations to the straight lines passing through the 
foot of the perpendicular from the point (A, k) upon the straight line 
Ax-^By + C=iO and bisecting the angles between the perpendicular 
and the given straight line. 

45. Find tlid direction in which a straight line must be drawn 
through the point 2), so that its point of intersection with the line 
xi^ystA may be at a distance from this point 



CHAFrER V. 

THE STBAIQHT LINE {cmtinuedy 
POLAR EQUATIONS. OBLIQUE COORDINATES. 

MISCELLANEOUS PROBLEMS. LOCI. 

88 . To find the general equation to a straight line in 
polar coordinates. 

Let p be the length of the perpendicular OY from the 
origin upon the straight line, and 
let this perpendicular make an 
angle a with the initial line. 

Let P be any point on the 
line and let its coordinates be r 
and 6. 

The equation required will 
then be the relation between r, 0^ and a. 

From the triangle OYP wo have 

p - r cos 70 /* =s r cos (a - ) = r cos (d - a). 

The required equation is therefore 
r cos (tf - a) 

[On transfonning to Cartesian coordinates this equation booomss 
the equation of Art. 53.] 

89 « To find the polar equation of ihe straight line 
joUiing the points whose coordinates are (ri, 0^ ovnd (ri, 
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Let A and B be the two given points and P any point 
on the line joining them 
whose coordinates are r and 
0 . 

Then, since 

AAOJS- AA0P-\^AP0B, 
wo have 

sin AOB = J r,r sin AOP + Jrrj sin PODf 
sin (dj - B^) = r^r sin {$ - B^) + rr, sin {B^ - B), 
sin(da-^,) sin(tf-tfi) sin ((9,-^) 
r rj n 

V 

OBLIQUE COORDINATES. 

90. In the previous chapter we took the axes to be 
rectangular. In the great majority of cases rectangular 
axes are employed, but in some cases oblique axes may be 
used with advantage. 

In the following articles we shall consider the proposi- 
tions in which the results for oblique axes are diflerent 
from those for rectangular axes. The propositions of Arts. 
50 and 62 are true for oblique, as well os rectangular, 
coordinates. 

91. To find the equation to a straight line referred to 
axes inclined at an angle <d. 

Let LPV be a straight line which cuts the axis of Y at 
a distance e from the origin and is 
inclined at an angle B to the axis 
of as. 

Let P be any point on the 
straight line. Draw PNM parallel 
to the axis of ^ to meet OX in JIf, 
and let it meet the stmight line 
through C parallel to the axis of x 
in the point AT. 

Let P be the point (a;, y), so that 

CN-^OM^x. and NP^MP^ OO^y-^c. 
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Since L CPN^ l PNN* ^ i we have 

y-c NP ain NC P aintf 
X ** CN^ sinCPilT"" 8in(oi-tf)' 

■CT ,-v 

Hence . \^r 


sin (o> - 0) 
This equation is of the form 

y = ww; + c, 

where 

sin 0 sin 6 




tan0 


sin((ii — sinoicds^ — COSO) sin ^ sin(i>->cos<iitan0’ 
msinct) 


and therefore 


tand=r . 


1 + m cos o> * 

In oblique coordinates the equation 
y=ww? + c 

therefore represents a straight line which is inclined at an 
angle 

. , msliicii 

1-l-mcosai 

to the axis of x. 

Cor. From (I), by putting in succession 0 equal to 90* 
and 90* + ci>, we see that the equations to the straight lines, 
passing through the origin and perpendicular to the axes of 

X and y, are respectively y = - Rr 6 y = — o? cos w. 


92« The aacee being oblique^ to find the eqfwition to the 
Hraight line, such that the perpendicular on it ^rom the origin 
is of length p and makea angles a and p with the axes of x 
and y. 

Let LM be the given straight line and OK the perpen- 
dicular on it from the origin. 

Let P be any point on the 
straight line ; draw the ordinate 
PK and draw KB perpendicular 
to OK and PS perpendicular to 
NB. 

Let P be Uie point (x, y), so 

tha#» ON^xmA NP^y, 
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The lines NP and OT are parallel. 

Also OK and SP are parallel, each being perpendicular 


to NR. 

Thus iSPN^iKOM^^p. 

We therefore have 


p = OK^ OR + SP- ON cos a + NP cos p-xcosa + ycosp. 

Hence x cos a + y cos * 0, 

being the relation 'which holds bet'ween the coordinates of 
any point on the straight line, is the required equation. 


03. To find the angle between the straight lines 
y^mx + c and y = mx-^c\ 
the aoces being oblique, ^ 

If these straight lines be ^spectively inclined at angles 
0 and ^ to the axis of as, we have, by the last article, 

^ * msino) , ^ ^ m'sinco 

tan d = = and tan V = = . 

1 + m cos (ti 1 + cos <a 

The angle required is ^ ff'. 


Now 


^ ^ ~ 1 + tan fi . tan 


m sin <i) 

1 + m cos (a 


1 + m' cos (tf 


1 + 


m sin <0 


sin ci> 


1 + w cos cu 1 + m' cos (i> • 

_m8inoi(l +fn'cos ( d) — m'smcu(l +m c os <a) 

(1 +mcos(i>)(l + m"co8a)) + m7ii'8in*Q> 

(m - sin (o 

* r+(m + m') 008 w +fnm' ’ 


The required angle is therefore 

tan-‘ (m-m')aino> 

1 + (w» + m'j cos o> + mm' * 

Oor. 1. The two given lines are parallel if m ss m'. 
Oor. 2. The two given lines are perpendicular if 

X + (m + m') coaca+inm'asO. 
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94 . If the straight lines have their equations in the 
form 

ifo? + + (7 = 0 and -d'os + -C'y + (7' = 0, 


then 


A A' 

w = — ^ and w = — -g;. 


Substituting these values in the result of the last article 
the angle between the two lines is easily found to be 


tan“ 


A*n--Ajy 


A A' - {Aff + A^B) COB o> 

Tlie given lines are therefore parallel if 

A'B--Ajr^0. 

They are perpendicular if 

AA' + BE ^{AE^ A'B) cos cu. 


Bin < 0 . 


•6. Bx. The axee being inclined at an angle of 80°, the 
equations to the etraight lines which pass through the origin and are 
inclined at 45° to the straight line d;+^sl. 


Let either of the required straight lines be 

The given straight line is y = -> « + 1, so that m'ss - 1. 

We therefore have 


(m - m') sin w 

1 + (iii+ wi') COB v+mm' 


stan(di>45°), 


where wi'= - 1 and w=30°. 

Thi* equation girie = *1. 

Taking the upper sign we obtain • 

Taking the lower sign we have m » - ^3. 

The required equations are therefore 

y=-,y3a: and 

i.e. y+is/8aj5=0 and ,y3y + *a0. 


96 . To find die length of the perpendicular from the 
point s/) upon the etraight line Ax + + (7 = 0, the axee 

being inclined at an angle ei, and the equation being written 
90 that C is a negeUive quantUg, 
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Let the given straight line meet 

so that OL = - ^ and OM = — ^ . 

A Js 

Let P bo the given point (a/, y'). 
Draw the perpendiculars PQ^ PR^ 
and PS on the given line and the 
two^axes. 

Taking 0 and P on opposite sides 
of the given line, we then have 





X 


aLPM + A MOL-^A OLP + A 0PM, 


i.e. PQ . LM+ OL . OJ/sinca= OL.PR + OM. PS, ..{!). 

Draw PU and PV parallel to the axes of y and x, so 
that = y and PV=x\ 

Hence PR = PJJ sin PVll = y' sin co, 


and PS^PV%mPYS^ x! sin ai. 

Also 

LM^ ^OUVOM^Oir.!^ 




A 




C* 

AB 


cos (I) = — 


C 



^ c os 01 


since (7 is a negative quantity. 

On substituting these values in (1), ^fe have 




2 cos ci> (7* . 


c 


= - . y Bin ^ , fic sin <i>, 

i^As+V-^ABcoboi 


Cor. If o)~90*, i.e. if the axes be rectangular, we 
have the result of Art. 75. 
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OTAiyrpT.tgft IX 

1. The axes being inclined at an angle of G0°, find the inclination 
to the axis of x of the straight lines whose equations are 

(1) ys24;+5, 

and (2) 2y=.y3-.l)®+7. 

2. The axes being inclined at an angle of 120°, find the tangent 
of the angle between the two straight lines 

8x + 7j(=l and 28«~732(=101. 

3. With oblique coordinates find the tangent of the angle 
between the straight lines 

y=imx + c and my+xsd. 

4. If y=^x tan ^ and y ssx tan represent two straight lines 
at right angles, prove that the angle between the axes is ^ . 

6. Prove that the straight lines y+Xsse and psop + d are at 
right angles, whatever be the angle between the axes. 

6. Prove that the equation to the straight line which passes 
through the point (A, k) and is perpendicular to the axis of x is 

d! + ^ cos A + A cos er. 

7. Find the equations to the sides and diagonals of a regular 
hexagon, two of its sides, which meet in a corner, being the axe^ of 
coor^ates. 

8. From each corner of a parallelogram a perpendicular is drawn 
upon the diagonal which does not paHs through that corner and these 
are produced to form another parallelogram; shew that its diagonals 
are perpendicular to the sides of the first parallelogrsm and that they 
both have the same centre. 

9. If the stnd^t lines and ys=m^x+c^ make equal 

angles with the axis of x and be not parallel to one another, prove 
that f»j+ma+2ffijmg cos wsO. 

IQ. The axes being inclined at an angle of 30°, find the equation 
to the straight line which passes through the point ( - 2, 3) and is 
perpendicular to the straight line y +8xss6. 

11. Find the length of the perpendicular drawn fkom the point 
(4, -8) upon the straight line 6;r+Sy-10s0, the angle between the 
axes being 60°. 

12. Find the equation to, and the length of, the peipendieular 
drawn the point (1, 1) upon the straight line &p+4y +6—0* the 
angle between the axes being 120^. 
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13. Tbe coordinates of a point P referred to axes meeting at an 
angle w axe {h,k); prove that the length of the straight line joining 
the feet of the pcffpendienlars from P upon the axes is 

sin w + Jk* + 2/*fc cos ta. 

14. From a given point {h, k) perpendiculars are drawn to the 
B, whose inclination is u, and their feet are joined. Prove that 
length of the perpendiculiu: drawn from (h, k) upon thia line is 

• hksm^it ^ 

ijh^ 2hk cos <a * 

and that its equation is kK 

Straight lines passing through fixed points. 

97. If tlie equation to a atraigJU line be of the form 

ax-^hy + c+l^(afic + 6'y + 0 = ® (1)> 

where X ie any avhitra/ry constant, it always •passes through 
one fiaced point whatever he the value of X. 

For the equation (1) is satisfied by the coordinates of 
the point which satisfies both of the equations 
ofic + 6y + c 5= 0, 
and a'sc + Uy + c' = 0. 

This point is, by Art. 77, 

• /6c' — Vc ca* — c'a\ 

ab'^abj* 

and these coordinates are independent of X. 

Bz. Given the vertical angle qf a triangh in magnitude and 
position, and also the sum of the reciprocals of the sides which contain 
it; shew that the hose always passes through a fixed point. 

TaXe the fixed angular point as orimn and the directions of the 
sides containing it as axes ; let the lengths of these sides in any such 
trian^e he a and b, which are not therefore given. 

We have ^ + |soonst. = i (say) (1). 

The equation to the base is 


i.e., by (1), 


5 + 
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Whatever be the valtie of a this straight line always passes through 
the |M»int given by 

and |-1=:0, 

i.e, through themed point {k, k). 

98. Prove that the coordinates of the centre of the 
drde inscribed in the triangle^ whose vertices are the points 
(•*!» yi). (®2> ys), (a;., ya), ore 

-f fta?a + ca^ flyi + ftya^-cy, 
a + 6 + c aT^6 + c ’ 

where a, b, and c are the lengths of the sides of the triangle. 

Find also the coordinates of the centres of the escribed 
circles. 

Let ABC be the triangle and let AD and CK be the 
bisectors of the angles A and C 
and let them meet in 0\ 

Then 0' is the required point. 

Since AD bisects the angle 
BAG we have, by geometry, 

BA "AO'' BA + AC'^l + c* 
so that 

ha 



Otjt*//) 




DC^ 


6 + c' 


Also, since GO* bisects the angle AC D^ we have 
AO* AC b h + o 
(fD~‘ CD'^ J^'~ a • 
b-^c 

The point D therefore divides BC in the ratio 
BA : AC^ i.e. c : b. 

Also 0* divides AD in tlie ratio b + c : a. 

Hence, by Art. 22, the coordinates of D are 

and 

c+6 c+6 



THE STRAIGHT LINE. PROBLEMS. 


75 


Also, by the same article, the coordinates of O' are 

n . .. _ /I . .X .. + 

{6 + c)x + 0 X 1 (o + e) X ■ +<»yi 

(* + «) + « (6 4-c) + a 

ie axi + bx, + ca!f ay, + 6y, + <y , 

a + ft + c a + b + c 

Again, if 0i be the centre of the escribed circle opposite 
to the angle A, the line COi bisects the exterior angle of 
ACB. 

Hence, by geometry, we have 

AOi __ AC ^b + c 
'0 J> \ CD “ “a " ■ 

Therefore 0^ is the point which divides AD externaUy in 
the ratio 6 -f c : a. 

Its coordinates (Art. 22) are therefore 

(b + A ^ /»- - — 

' ' c-¥b 


(6 c) — a {i) + c) - a * 

-a ^t-H6//a + cy , 

—a + b + c — a + 6 + c 

Similarly, it may be shewn that the coordinates of the 
centres of the escribed circles opposite to B and C are 
respectively ^ 

\ a — 6 + c ’ a — 6 + c 

and /qa;i + 6a^-c a;» ^ yi + ^ya-cyA 

\ 0+6— c ’ a+b—c / 

99. As a numerical example consider the cose of the 
triangle formed by the straight lines 

3a5+4y — 7 = 0, 12aj + 5 j/— 17 =0 and 5a: + 12y — 34 = 0. 

These three straight lines being BC, CA^ and AB 
respectively we easily obtain, by solving, that the points 
A, and C are 

/2 19 \ /-52 67\ , 

V7’ 7 /’ \ 16 ’ lej 
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Hence 


//-62 ,V /67 ,V /W~W 
V V 16 ~ V + V V iC*"^ 16* 


16 ^ 16’ 


and 


//2 52V“>l9 67\» /a 
V (7 ic) * \T u) ~ V ■ 


’396* + 165* 


Hence 


112 * 


33 

112”'^®®" 112 ‘ 


85 2 1]^ 85 19 1615 

■10'‘7~112’ “^*“16’' 7 “TO’ 


. 13 -62 

6 **=yx 16 


170 
2 

676 


, 13 67 871 

112’ ^2'*“ 7 16“ 111’ 


429 , 429 

'**'“112’ *^*“112' 

The coordinates of the centre of the incircle are therefore 


170 676 429 


1615 871 429 


112 112'*'112 112 ■*■ 112 
85 13 . 429 “ 8^ 13 ^5^"’ 

16'^ 7 112 


16 7 ■*■ n2 


t,e. 


-1 , 266 
16 112- 


The length of the radius of the incircle is the perpen* 

/ 1 265\ * * 

dicular from (~j6' Xl^} straight line 


3a;f 42^-7 sOi 
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and therefore 




V3* + 4* 
-21 + 1060-784 255 


01 

112 * 


6x112 • -6x112 

The coordinates of the centre of the escribed 
which touches the side BC externally are 

170 676 439 1616 871 429 

112 

"IT 


112 '^ 112 




16 


i.e. 


IF --- 

■ 7 112 ^ 

-417 

42 


and 


1^6 m 

112 112 


* 112 


. — w at/ 

and — 


85 13 429 

■l6‘*‘ T 112 
316 
42- 


circle 


Similarly the coordinates of the centres of the other 
escribed circles can be written down. 


100. Sab Find the radius, and the coordinates of the centre, of 
the circle circumscribing the triangle formed by the ^goints 

(0. 1), (2, 8), and (3, 5). 

JLet (d^i, be the required centre and R the radius. 

Since the distance of the centre from each of the three points is the 
same, we liave 

From the first two we have, on reduction, • 

«i+yi=8. 

From the first and third equations we obtain 

Solving, wo have - 1 and yi= V* 

Substituting these values in (1) we get 
R=W10. 

101. Bab Prove that the middle yoimis of the diagonals cf a com- 
plete quadrilateral lie on the same straight line, 

[Mnplete gnadrllateraL BeE Let OACR be any qnadrilateral. 
Let AC and OB be produced to meet in J5, and BC and OA to meet in 
F. Join AB, OC, and EF. The resultiiig figure is called a complete 
quedrikieral ; the lines AB, 00, and BF axe called its diagonals, and 
uie points S, F, and D (the interseetion of AB and 00) are ddM its 
vertices.] 
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Take the lines OAF and QBE as the axes of x and y. 



O A F X 


Let OJ=2a and so that A is the point {2a, 0) and B is 

the point (0, 26) ; also let C be the point {2h, 2k). 

Then L, the middle point of 00, is the point (h, k), and M, the 
middle point of AB, is (a, h). 

The equation to LM is therefore 

iL V 

(*-<>). 

i.e, (b~a) y- (k-b) jpasbk-ak (1). 

k-b 

Again, the equation to BO is y - 2bs; 


Putting y =0, ve hsTe ^ ^ ^ point 

/-2bk 

Similarly, JE is the x>o]nt ^0, - • 

Hence N, the middle point of EF, is ^ 


These coordinates clearly satisfy (1), i.e. N lies on the straight 
line LM. 


EXAMPLES. X. 

1, A straight line is such that the algebraic sum of the perpen- 
diculars jet fall upon it from any number of fixed points is zero ; 
shew that it always passes through a fixed point* 

2. Two fixed straight lines OX and OY are cut by a variable line 
in the points A and B respectively and P and Q are the feet of the 
perpendiculars drawn from A andP upon the lines OBY and O^IX. 
Shew that, if AB i^s through a fixed point, then PQ will also pass 
through a fixed point. 



[Exa.XJ THX STRAIGHT LIKE. PROBLEMS. 


79 


3, If the equal sides AB and AC of an isosceles triangle be pro- 
duced to E and F so that BE . CF= AB\ shew that the line EF will 
always pass through a fixed point. 

4, If a straic^t line move so that the sum of the perpendiculars 
let fall on it from the two fixed joints (8, 4) and (7, 2) is equal to 
three times the perpendicular on it from a third fixed point (1, 8), 
prove that there is another fixed point through which tins line always 
passes and find its coordinates. 

Find the centre and radius of the circle which is inscribed in the 
triangle formed by the straight lines whose equations are 

5, 8aE+4y+2=0» 3x-4y + 12=s0, and 4x~dy=:0. 

6, 2«+4y + 8=0, 44: + 3y + 3=0, and xH-l=0. 

7, y=0, 12«-5y=0, and 3x + 4y-7=0. 

8, Prove that the coordini^tes of the centre of the circle inscribed 
in the triangle whose angular points are (1, 2), (2, 3), and (3, 1) are 

D O 

Find also the coordinates of the centres of the escribed circles. 

9, Find the coordinates of the centres, and the radii, of the four 
circles which touch the sides of the triangle the coordinates of whose 
angular points are the points (6, 0), (0, 6), and (7* 7). 

10. Find the position of the centre of the circle circumscribing 
the triangle whose vertices are the points (2, 3), (3, 4), and (6, 8). 

Find the area of the triangle formed by the straight lines whose 
eqtfbtions are 

11. y=2x, aud y=s3a; + 4. 

12. y+a:*0, y=a: + 6, and j/=7ap+5. 

13. 2y+a?-6=0, y + 2a5-7=0, and 4f-y^l=:0. 

14. 3«-4y + 4a=r0, 2x-Sp + 4a=0, and 6* -y + 0 = 0 , proving also 
that the feet of the perpendiculars from the origin upon them are 
collinear. 

15. y^ax-hCi ysshx-ca, and y^cx-ah. 


16. y="'i*+,7j> 

17. y^m^d^ + C], ysfOgOT+c,, and the axis of y. 

18. y=wh*+Ci. y«wija: + c,, and y =!«,«+<•,, 

19. Prove that the area of Uie triangle formed by the three straight 
lines a|j; + b|y + Cl =0, a^-^b^+e^=iO, and a^ + b^ + C|=0 is 


1 


Ui» fii* 
«s* 


+ {ajb^ - o^) (0,5, - {ajb^ - 
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20 . 

lines 


and 


21 . 

lines 


and 


Prove that the area of the triangle foimed b/ the three straight 
«ooBa+y8ina-j»|S:0, xeos/S-f-y sinjS^p^s&O, 

xQoay-\‘yBiXiy^p^s: 0 , 

{ f tsin (7 - /9) +i>a8in (a » 7 ) nn - a) 

* sin (7 - /9) bin (a - 7 ) am (/i- a) 

Prove that the area of the parallelogram contained hf the 

4y-3:r~a=s0, 3y-4x+a=s0, dy-Sar-Sa^sO, 
32 ^~ 4 a;+ 2 aBO is |a*. 

22. Prove that the area of the parallelogram whose sides are the 
straight lines 

fli* + 6iy + Ci=0, + + 

and + 

(d| - C |) (dg ~<*g) 

23. The vertices of a quadrilateral, taken in order, are the points 
(0, 0), (4, 0), (6, 7), and (0, 3) ; tod the coordinates of the point of 
intersection of the two lines joining the middle points of opposite 
sides. 

24. The lines af+y +1=0, ap-y +2=0, 4aP+2y+3=0, and 

aj+2y-4=0 • 

are the equations to the sides of a quadrilateral taken in order ; find 
the equations to its three diagonals and the equation to the line on 
which their middle points lie. 

25. Bhew that thd orthooentze of the triangle formed by the three 
straight lines 


is the point 




yssm^+^ , and p=iii^+- 




26. A and B are two fixed points whose coordinates are (3, 2) and 
(6, 1) respectively; ABP is an equilateral triangle on the side Of Ali 
remote from the origin. Find the coordinates of P and the ortho- 
oentre of the triangle ABP* 

102. Ex. Tim base a triangle ie Jkoed; find t&a 
hew qf ike vertex when one bate angh ie double qf the 
other* 



THE STRAIGHT LINE. PROBLEMS. 81 


B N X 


Let AB be the fixed base of the triangle ; take ita 
middle point 0 os origin, the direc- 
tion of OB as the axis of x and a 
perpendicular line as {he axis of y. 

Let AO-OB = a. 

^ If P be one position of the O 

vertex, the condition of the problem then gives 
iFBA = 2j:PAB, 
i.e. 

— tan tan 20 

Let P be the point (A, A). We then have 

h . . h 


.<i). 


- — - = tan0 and 

A + a a 


= tan^. 




t.s. 


Substituting these values in (1), we have 

2 ^ 

* A A + a 2(A + a)A 

" K-a “ ”'r"r\*“ (A+a)*-**’ 

VA + a) 

— (A + a)* + A? = 2 (A* — a*), 

^>-34«_2aA + o*=:0. 

But this is the condition that the point (A, A) should lie 


on the curve 


^ — 3a^- 2aa; + a* 0. 

This is therefore the equation to the i^uired locus. 

103. XfX. Prom a piAmi P perpendieularB PM aTid 
PUT are drawn upon two lines which are tnclined at an 
angle o> and meet in a fixed point 0 ; if P nwee on a fixed 
straight line^Jmd the l^us of the middle point of JAilT. 

Let the two fixed lines be taken as the axes. I/st the 
coordinates of P, any position of the 
moving point, be ^A, A). 

Let the equation of the straight 
line on which P lies be 

+ + (7«0, ^ 

so that we have 

ifA + PA + <7=s:0 (1). 



X 
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X>raw PL and FL* parallel to the axes. 

We then, hare 

OM— OL + LM - OL + LP cos (i> = ^ cos u>, 

and ON = OL* + LN^LP + L*P cos «> = A + A cos co. 

M is therefore the point (A + A cos 0) and N is the point 
(0, A + A cos w). 

Hence, if (a/, y*) be the coordinates of the middle ]K>int 


of MN^ we have 

2a:'=:A+ Acoso) (2), 

and 2^^ = A + A cos fi> (3). 


Equations (1), (2), and (3) express analytically all the 
relations which hold between os', y', A, and A. 


Also A and A are the quantities which by their variation 
cause Q to take up different positions. If therefore between 
(I), (2), and (3) we eliminate A and A we shall bbtain a 
relation between si and y' which is true for all values of A 
and ky i. e a relation which is true whatever be the position 
that P takes on the given straight line. 

From (2) and (3), by solving, we have ^ 


2 (x* - y* cos w) ^ 2 (y' — a?' cos co) 


Substituting these ;values in (1), we obtain 

2 A (a/ -- y* cos ai) + 2B (y* — xoosia) + C sin* w = 0. 

But this is the condition that the point (x', y') shall 
always lie on the straight line 

2i4 (x - y cos <ii) + 22? (y — X cos w) + C sin* « = 0, 
t. e, on the straight line 

x(d - J^cosw) + y (2?-il cos w) + JCBin*a> = 0, 
which is therefore the equation to the locus of Q, 


104. ISx. A straight line is drawn parallel to the 
base of a given triangle and its extremities are joined trans- 
versely to those of the base; find the locus of the point 
of intersection if the joining lines. 
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Let the triangle be OAB and take 0 as the origin and 


the directions of OA and OB 
as the axes of x and y. 

Let OA =: a and OB = 6, 
so that a and h are given 
quantitiea 

*Let A*U be the straight 
line vrhich is parallel to the 
base ABr^ so that 

oir 

OA "" OB 



and hence OA' = X£{ and OB' = Xd. 

For different values of X we therefore have different 
positions of A'B'. 


The equation to 

AB'is 



5 + y.^i 

^ 

(1). 

and that to A'B is 




X y , 

Xa ft 

(2). 


•Since P is the intersection of and A'B its coordi- 
nates satisfy both (1) and (2). Whatever equation we 
derive from them must therefore denote a locus going 
through P. Also if we derive from (1) and (2) an equation 
which does not contain X, it must repT^sent a locus which 
passes through P whatever be the value of X; in other 
words it must go through all the different positions of the 
point P, 

Subtracting (2) from (1), we have 


t.e. 


a b' 


This then is the equation to the locus of P, 
always lies on the straight line 

ft 


Hence P 
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which is the straight line OQ where OAQB is a parallelo- 
gram. 

Altter. By solving the equations (1) and (2) we 
easily see that they meet at the point 

(xVl*’ 

Hence, if JP be the point (/<, Ar), we have 

7* = r-^, a and k = ; -^ 6. 

X + 1 X+1 

Hence for all values of X, Le. for all positions of the 
straight line we have 

h^k 
a h * 

But this is the condition that the point (X, X), i.e. P, 
should lie on the straight line 

a 6 ’ 

The straight line is therefore the required locus. ^ 

105. &X« A variable etrm'jht line is drawn throuffh 

a given point 0 to cut two fixed straight lines in R and if ; 
on it is taken a point P such that 

J - L ^ 

0P~ oy^ 

shew that the locus of Pis a third fixed straight line. 

Take any two fixed straight lines, at right angles and ' 
passing through 0, as the axes and let the equation to the 
two given fix^ straight lines be 

Ax + By + C = 0, 
and .d'a? + J5'y + C'==0, 

Transforming to polar coordinates these equations are 
1 dcostf + Psintf « I il'GOstf-t^P'sintf 
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If the angle XOS be 0 the values of and are 

UjC (/o 

therefore 

A cos 9 + B sin 0 . A' cos $+ B' sin $ 

^ and . 

We therefore have 

2 cosd-t-^sind cos d + il' sin d 

OP c cr 

/A A'\ . (B S\ . . 

The equation to the lo^us of P is therefore, on again 
transforming to Cartesian coordinates, 



and this is a fbced straight line. 


EXAMPLES. XL 

{Che babe BC (~2a) of a triangle ABC is fixed; tlie axes being 
BC and a perpendioubur to it through its middle point, find the loons 
of the vertex A, when 

1. the difference of the base angles is given ( sa). 

2. the product of the tangents of the base tingles is given (=X). 

3. the tangent of one base angle is m times the tangent of the 
other. 

4. m times the square of one side added to n times the square of 
Che other side is equal to a constant quantity e*. 

From a point P perpendiculars PM and PiV are drawn upon two 
fixed lines which are inclined at an angle «i>, and which are taken as 
the axes of coordinates and meet in O ; find the locus of P 

5. ifOJf+OJVbeeqnalto2c. 6. if OJlf O.Y be equal to 2d. 

7. ifPi»f+PYbeequalto2c. 8. if Pilf-P.V be equal to 2c. 

9, if MN be equal to 2c. 

^ 10. if MN pass through the fixed point (a, b). 

11. if Mff be parallel to the given line yrniM. 
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[Exa« 


12. Two fixed points A and R are taken on the axes such that 
OAssa and OR— b; two variable points A' and R' are taken on the 
same axes; find tl^e loons of the intersection ot A B* and A'B 


(1) when 
and (2) when 


OA'+OR' = OA + OR, 

JL ^ Jl 1^ 

OA'“ “OR* 


13. Throng}! a fixed point P are drawn any two straight linep to 
out one fixed straight line OJC in A and R and another fixed straight 
line OY in C and D ; prove that the locus of the intersection of the 
straight lines AC and BD is a straight line passing tl^ough O. 

14. OX and OY are two straight lines at right angles to one 

another; on OY is taken a fixed point A and on OX any point R; 
on AB an equilateral triangle is described, its vertex C being on the 
side of AB away from 0. Shew that the locus of C is a straight 
line. ^ 

15. If a straight line pass through a fixed point, find the locus of 
the middle point of the portion of it which is intercepted between two 
given straight lines. 

16. A and R are two fixed points; if FA and PR intersect a 
constant distance 2c from a given straight line, find the locus of P, 

17. Through a fixed point 0 are drawn two straight lines at right 

angles to meet two fixed straight lines, which are also at right angles, 
in the points P and Q. Shew that the locus of the foot of the 
perpendicular from 0 on PQ ia a straight line. • 

18. Find the locus of a point at ^rhioh two given portions of the 
same straight line subtend equal angles. 

19. Find the locuf, of a point which moves so that tlie difference 
of its distances from two fixd straight lines at right angles is equal 
to its distance from a fixed straight line. 

20. A straight line dR, whose length is c, slides between two 
given oblique axes which meet at O; find the locus of the orthocenire 
of the triangle OAR. 

21. Having given the bases and the sum of the areas of a number 
of triangles which have a common vertex, shew that the locus of this 
vertex is a straight line. 

22. Through a given point O a straight line is drawn to out two 
given straight lines in R and 8\ find the locus of a point P on this 
variable straight line, which is such that 

(1) 20P«s0R+0R, 

(2) OP^aOR.OR. 


and 
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23. Given n straight lines and a fixed point O; through O is 
drawn a straight line meeting these lines in the points H,, JRj, 

and on it is taken a point R such that 

ji _ 1_ 1 1 

OH “ Oil, OR, OR, OR, ' 
shew that the locus of R is a straight line. 

24. A variable straight line outs off from n given ooncnrrent 
Btnright lines intercepts the sum of the reciprocals of which is con- 
stant. Show that it always passes through a fixed point. 

25; If a trmngle ABC remain always similar to a given triangle, 
and if the point A be fixed and &e point B always move along a 
given straight line, find the locus of the point O. 

, 26. A right-angled triangle ABC, having C a right angle, is of 
given magnitude, and the ang;ular points A and B elide along two 
given perpendicular axes; shew that the locus of 0 is the pair of 

straight lines whose equations ate ys 

a 

27. 'Iwo given straight lines meet in O, and through a given point 

P is drawn a straight line to meet them in Q and R; if the 
parallelogram OQSR be completed find the equation to the locus 
of 5. • 

28. Through a given point O is drawn a straight line to meet two 
given parallel straight lines in P and Q; through P and Q are drawn 
straight lines in given directions to meet inR ; prove that the locus of 
R ia a straight line. 
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ON EQUATIONS REPIIESENTING TWO OR MORE 
STRAIGHT TJNES. 

106. Suppose we have to trace the locus represented 


by the equation 

y* - Zxy + 2a:? = 0 (1). 

Tills equation is equivalent to 

<y-a5)(y-2a;)-0 (2). 


It is satisfied by the coordinates of all points which 
make the first of these brackets equal to zero, and also by 
the coordinates of all points which make the second 
bracket zero, i,e, by all the points which satisfy the 
equation 


y — a: - 0 (3), 

and also by the points which satisfy 

y-2a? = 0 (4). 


But, by Art. 47, the equation (3) represents a straight 
line passing through the origin, and so also does equa- 
tion (4). 

Hence equation (1) represents the two straight lines 
which pass through the origin, and are inclined at angles of 
45** and tan"^ 2 respectively to the axis of x. 

107. Ez. 1. Trace the locue ocy 0. This equation 
is satisfied by all the points which satisfy the equation 
xtsQ and by all the points which satisfy y=^0, f,s. by 
all the points which lie either on the axis of y or on the 
axis of X, 
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The required locus is therefore the,«two axes of coordi- 
nates. 

► 

ZSz. 2. Trocs locus a:* — 5a; + 6 = 0. This equation 
is equivalent to — 2) (as — 3) =: 0. It is therefore satisfied 
by all points which satisfy the equation a; — 2 = 0 and also 
by all the points which satisfy the equation a; - 3 = 0. 

But these equations represent two straight lines which 
are parallel to ttie axis of y and are at distances 2 and 3 
respectively from the origin (Art. 4 0). 

EfX. 3. Traco the locus asy - 4aj — 6y + 20 = 0. This 
equation is equivalent to (a5--5)(y — 4) = 0, and therefore 
represents a straiglit line parallel to the axis of ^ at a 
distance 5 and also a straight line parallel to the axis of iv 
at a distance 4. 

108. Let us consider the general equation 

aa^ + = 0 ( 1 ). 

On multiplying it by a it may be written in the form 
(a*£c* + 2a^ixy + Afy® ) - (4® - oh) = 0, 
i. {{ax + hy) -^yjh^ — ab} {(asc + hy) — ah \ « 0. 

Xs in the lost article the equation (1) therefore repre- 
sents the two straight lines whose equations are 


ax + /iy + y tjh* - a6 = 0 (2), 

and oM'^-hy — y - 0 (3), 

each of which passes through the origin. 


For (1) is satisfied by all the points which satisfy (2), 
and also by all the points which ^tisfy (3). 

These two straight lines are real and different if V>ab^ 
real and coincident if A® » a6, and imaginary if 

[For in the latter cose the coefficient of y in each of the 
equations (2) and (3) is partly real and partly imaginary.] 
In the case when the straight lines, though 

themselves imaginary, intersect in a real point. For the 
origin lies on the locus given by (1), since the equation (1) 
is ^ways satisfied by the values a; » 0 and y = 0. 
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109 . An equation such as (1) of the previous article, 
which is such that in each term the sum of the indices of x 
and y is the same, is called a homogeneous equation. This 
equation (1) is of the second degree; for in the first term 
the index of a; is 2 ; in the second term the index of both x 
and y is I and hence their sum is 2 ; whilst in the third 
term the index of y is 2. 

Similarly the expression 

+ iaPy — + 9y* 

is a homogeneous expression of the third degree. 

The expression 

Sas* + 4jc*y — 5a^ + 9y* — 7xy 

is not however homogeneous ; for in the first four terms 
the sum of the indices is 3 in each case, whilst in the last 
term this sum is 2. 

From Art. 108 it follows that a homogeneous equation 
of the second degree represents two straight lines, real and 
difiereiit, coincident, or imaginary. 

110. The axes being rectangtdaVy to find the angle 


between the atraiglU lines given by the equation 

aa? + 2/Mcy + = 0 (1). 

Let the separate equations to the two lines be 

y — m^x — Q and = 0 (2), 

so that (1) must be equivalent to 

6 (y - m,a:) (y - m^) =: 0 (3). 


Equating the coefficients of osy and a^ in (1) and (3), we 
have 

- 6 + iwj) = 2//, and = 

. 2A - a 

so that mi + m, = — , and mints a ^ . 
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If 6 be the angle between the straight lines (2) we 
have, by Art. 66, 

tan 

1 + 1 + 


fw 

\J 


a-f b 


Hence the required angle is found. 


111 . Condition tluU Hie straight lines of ilhs previous 
article may (1) perpendiMaVy and (2) coincidenL 

(1) If a + 6 = 0 the value of tan 0 is oo and hence 0 is 
90” j the straight lines are therefore perpendicular. 

Hence two straight lines, represented by one equation, 
are at right angles if the algebraic sum of the coefficients of 
a? and y* be zero. * 

For example, the equations 

a;* — y® = 0 and 6a5* + llsry--6y* = 0 
both represent pairs of straight linos at right angles. 

Similarly, whatever be the value of h, the equation 
05* 4- 2hxy — y* = 0, • 

represents a pair of straight lines at right angles. 

(2) If h* - ab, the value of tan 0 is zero and hence $ is 
zero. The angle between the straight lines is therefore 
zero and, since they both pass through the origin, they are 
therefore coincident. 

This may be seen directly from the original equation. 
For if A* = ahy Li. h = Jab^ it may be written 

aa? + ^Jah ay + fty* = 0, 
t.«. {Jax + JhyY =* 0, 

which is two coincident straight lines. 
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112. To find the equation io the etraigJu lima hiaeeting 
the angle hettueen the atraigkt tinea given by 

aa5*+2Aay + ^ = 0 (1). • 

Let the equation (1) represent the two straight lines 



LyOM^ and LJDM^ inclined at angles and to the axis 
of Xy SO that (1) is equivalent to 

6 (y - fic tan tf,) (y - a; tan tfj) s* 0. 

Hence 

2^ a 

tan 6x + *5' • 


Let OA and OB be the required bisectors. 
Since l AOLj,^ i LjOAy 

lAOX-^By^^O^-tAOX, 


:[ 2 I + 

Also lBOX^W ^lAOX. 

/, 2 z/?OX= 180 ’ + tfj+fi,. 

Hence, if 0 stand for eii!^.roi the angles AOX or BOX^ 
wo have 


X Oil X tA A\ tan^i + tantf- 2A 

l«. J_, 

by equations (2). 

But, if (Xy y) be the coordinates of any point on either 
of the lines OA or OBy we have 


X 



TWO STRAIGHT UNE8. 


2A 2 tan 0 

X %cy 


a^“y*_»y 

a3b “TT- 

This, being a relation holding between the coordinates 
of any point on either of the bisectors, is, by Art. 42, the 
equation to the bisectors. ^ 

118. The foregoing eqnaiion may also be obtained in the follow > 
ing manner : 

JLiet the given equation rejpresent tbe straight lines 

and y~injj;=srO (1), 

BO that fiii+m 3 =s and (2). 

The aqnations to the bisectors of the angles between the straight 
lines (1) are, by Art. 84, 


or, expressed in one equation, 

“l + Wi* 1+m,* “ ^ 

€.5. (1 + IBJI*) (y* - 2ifii xy + Wj*®*) - (1 + 114*) (y* - 2 Wj xy + si,*®*) = 0, 
i. c. {m^ - m**) (a^ - y») + 2 ( iHj w, - 1 ) (mj - jfi^ xy = 0, 

i.«. (iiii+»»a)(®*-y*)+2(nijinj-l)xy=0. 

Henoe, by (2), the required equation is 
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BTAMPLE8. XIL 


Find whftt straight lines are represented by the following equations 
and determine the angles between them. 

1. **-7a:y + 12y*=0. 2. 4*«-24iFp+lly*=0. 

3. 834f*-71xy- 14y>s=0. 4. . 


5, y®-165=0. 6. y*-*y*-14a:*y+24T»=0. 

7, **+2afyseod+y*=0. 8. a"+2«y cot^4-y*=0. 

0. Find the equations of the straight lines bisecting the angles 
between the pairs of straight lines given in examples 2, 3, 7, and 8. 

10. Shew that the two straight lines 

Of* (tan^d + cos*^) - 2*y tan d + y* sin* ^=0 

make with the axis of x angles such that the difference of their 
tangents is 2. 

11. Prove that the two straight lines 

(x*+ y*) (oos*d sin*a + sin*d) s- (x tan a ~ y sin d)* 
include an angle 2a. < 

12. Prove that the two straight lines 

a* 8in*a oo8*d + 4xy sin a sin d + y* [4 cos a - (1 + cos a)* cos*d] aO 
meet at an angle a. 


GENERAL EQUATION OF THE SECOND DEGREE. 

114. The most general expression, which contains 
terms involving x and ^ in a degree not higher than the 
second, must contain terms involving ocy, y*, x, y, and a 
constant. 

The notation which is in general use for this ex- 
pression is 

oaj* + 2/ia:y + 6y* + 2ya? + ^ + c (1). 

The quantity (1) is known as the general expression of 
the second degree, and when equated to zero is called the 

general equation of the second degree. 

The student may better remember the seemingly 
arbitraiy coefficients of the terms in the expression (1) 
if the reason for thbir use be given. 



GENERAL EQUATION TO TWO STRAIGHT LINES. 95 


The most general expression involving terms only of 
the second degree in a;, and z is 

«*■ + + 2/yz + 2gzx + 2hxy (2), 

where the coefficients occur in the order of the alphabet. 

If in this expression we put z equal to unity we get 

. oa^ + + c + 2Jy + 2gx -h 21vxy^ 

which, after rearrangement, is the same as (1). 

Now in Solid Geometry we use three coordinates a;, y, 
and %, Also many formulie in Plane Geometry are deriv^ 
from those of Solid Geometry by putting % equal to unity. 

We therefore, in Plane Geometry, use that notation 
corresponding to whicli w^ have the standard notation in 
Solid Geometry. 

115 . In general, as will be shewn in Chapter XV., 
the general equation represents a Curve-Locus. 

If a certain condition holds between the coefficients of 
its terms it will, however, represent a pair of straight lines. 

This condition we shall determine in the following 
article. 

116. To find the condiiim^ ihaJt the general equation 

of the second degree * 

oa:^ + 2/«y + fcy* + 2gji + 2fy + c - 0 (1) 

may represent two straight lines, * 

If we can break the left-hand members of (1) into two 
factors, each of the first degree, then, as in Art 108, it 
will represent two straight lines. 

If a be not zero, multiply equation (1) by a and arrange 
in powers of it then becomes 

aW + 2aa: {hy + y) = — ahf — 2afy — ac. 

On completing the square on the left hand we have 
aV + 2ax{}iy + y) + {hy + g)'^}f{h^’- oh) 

i.e, 

(aaff+ Ay+y)s*^y*(A*— a5) + 2y(yA— of) + g^-^ac ...(2). 
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From (2) we cannot obtain os in terms of y, involving 
only terms of the first degree, unless the quantity under the 
radical sign be a perfect square. 

The condition for this is 

{ffh - a/y = (A* - oft) (p* - oc), 
i. e. yVi? — 2qfgh + = ^A* — o6p* — ocA* + o*6c. 

Cancelling and dividing by a,* we have the required 
condition, viz. 

abcd-2f]g:h-af<-bg>-ch<s:0 (3). 


117 . The foregoing condition may be othei^ise obtained thus : 
The given equation, multiplied by (a), is 

a*j;*+2aiLrp + a6^+2a^x+2a/y+aesO (4). 

The terms of the second, degree in this equation break up, as in 
Art. 108, into the factors 


ar+%-y /s//iVa6 and ax+hy+y 
If then (4) break into factors it must be equivalent to 
{ax-hih « tJW^ab)y’^A} {a4?+(/*+ y +B}=0, 


where A and B are given by the relations 

a(A+F)=2ya (5), 

A {h+ +B {h - ah):>^%fa (6), 

and ' AB=:ac (7). 

The equations (5) and (G) give 


The relation (7) then gives 

4ac=4AB=(A+R)*-(A-B)* 


=4y*-4 


A*- aft • 


{.e. (/a-yk)**(y*-oc)(fc*-aft), 

which, as before, reduces to 

- a/*- fty*-cft*a= 0 . 


Bz. If a be zero, prove that the general equation will represent 
two straight lines if 

2/pA-fty*-cft*«0: 

If both a and ft be aero, prove that the condition is 2/y *ch ^0. 
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118 . 

expression 


The relation (3) o£ Art. 116 is equivalent to the 


O’, K 9 
h, b, f 
9, f, c 


= 0 . 


This may be easily verified by writing dovn the value 
of the determinant by the rule of Art. 5. 

A geometrical meaning to this form of the relation (3) 
will be given in a later chapter. [Art 355.] 

The quantity on the left-hand side of equation (3) is 
called the Diacriminant of the General Equation. 

The general equation therefore represents two straight 
lines if its discriminant be zero. 


110. Sx. 1. Prove that the equation 

12** + 7xy - lOy* + 13* + 45y - 35 0 
repreeenti two straight lines^ and find the angle between them. 

Here 

a=12, 6=-10, y=:Yt /= V, and -85. 

Hynoe abc + 2fgh - of* - bg^ - ch* 

= 12x(-10)x(-35) + 2x y-x Yxi-12x(Y)*-(-10)x(V)* 

-(-86)(|)* 

S, 4200 + - 6076 + iV* + ijyn 

= -187j + i^-0. • 

The equation therefore reprcseute two etnight lines. 

Solving it for c, we have 

_7y+I8 . /7g + 18V 10y*-45» + 86 , /7» + 18V 

*^+*“12“ + V U-}^ 12 + V~84~; 

/'88y-48\» 

“V~sr-; • 

. 7y + 18_, 23y-4S 
M “*"’24~’ 


La, 


*ss 


ay-7 

~ 


or 


-6yjh5 

4 


The ^ven equation therefore represents the two straight linea 
8xs8%f-7 and 4*ss-5y+5, 
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The **iu*s” of these two lines are ther3fore 4 and - and the 
angle between them, by Art 66, 

Bz. a. Find the value of h »o that the equation 
(jx^+2hxy + 12y*+ 22r + Sly + 20s=0 
may represent two straight lines. 

Here 

a=6, 5=12, y=ll. /= V-, and c=20. 

The condition (3) of Art. 116 then gives 

20;ia-34U+aY*=0, 
i.e. (5 -V) (205- 171) =0. 

Hence hs=^^or^^. 

Taking the first of these values, the given equation becomes 
6x3 + 17ary + 12ya 4* 22® + Sly + 20 = 0, 
i,e, (2x + 3y + 4)(3® + 4y+5)=0 

Taking the second valae, the equation is 
20®3+67®y + 40y» 

i,€, (4® + oy + V) + Ry + 10) = 0. 


EXAMPLES. XIIL 

Prove that the following equations represent two straight lines ; 
find also their point of intersection and the angle between them. 

1. 6y®-»y-®*+30y + 36=0. 2. ®*-5®y + 4y*+® + 2y-2=i0. 

3. 3y*-8®y-3®*-29® + 8y-18=0, 

4. y*+®y-2®3-6®-y-2=0. 

5. Prove that the equation 

®* +6®y + 9y*+ 4® + 12y - 6=0 
represents two parallel lines. 

Find the value of k so that the following equations may represent 
pairs of straight lines : 

6. 6®*+ll®y-10y3+®4-81y + k=0. 

7. 12®»-10®y+2y«+ll®-6y + *=0. 

8. 12®*+ k®y + 2y* 4- 11® -6y+ 2=0. 

0, 6®*+®y + Ay*-ll® + 48y-85=0. 
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10. fcary-8j?+0y-12=0. 


11. «*+.VJpy + 6a:- 7y + fc=0. 

12. 12«*+xy-6j^2-20« + 8y4-Jfc=0. 

13. 2«*+*y-ya + A:a: + Cy-9=0. 

14. **+Aa:y+y*-6a;-7y + 6=!0. 


15, ^ Prove that the equations to the straight lines 
the origin which make an angle a with the straight 
given by the equation 

a:® + 2j:y sec 2a + y2=0. 


passing through 
^ney+a:=0are 


18, What relations must hold between the coefficients of the 
equations 

(i) fla:»+6y>+ra:+cy=0, 

and (ii) ay^+bxy+dy-{-ex=0, 

80 that each of them may represent a pair of straight lines? 

17, The equations to a pair of opposite sides of a parallelogram 
are 

7a: + 6-50 and y*-14y + 40=0; 
find the equations to its diagonals. 


120 . 7V> prom that a homogeneous equation of the nth 

degree rejyresents n itraight lines, real or imaginary, which 
all pass through the origin. 

Let the equation be 

* y” 4- 4- il^y**'* 4- + . . . + = 0. 

On division by a?**, it may be written 



This is an equation of the nth degree in ^ , and lienee 
must have n roots. 

Ijet these roots be m,, 90^, ... Then (0. Smith’s 
Algebra, Art. 89) the equation (1) must be equivalent to 
the equation 

(!_«,) ... 

The equation (2) is satisfied by all the points which 
satisfy the separate equations 

XX X 
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Le. by all the points which lie on the n straight lines 

y — y— 111,05 = 0 , ,..y — w»,» = 0 , 

all of which pass through the origin. Conversely, the 
coordinates of all the points which satisfy these n equa- 
tions satisfy equation (1). Hence the proposition. 


121 . 8x. 1 . The equation 

y* - - 6a:*=s0, 

which is equivalent to 

(y-*)(y-2*)(y-3*)=0, 
represents the three straight lines 

p-2ic=0, and y-8fl?=:0, 
all of which pass through the origin. 


8z. 2. The equation Cy = 0, 

ue. y(y-2)(y-3)=0. 

similarly represents the three straight lines 

y=0, y=2, and y=3, 
all of which are parallel to the axis of x. 

122. To find the eqvuttion to the two straight lines 
joining the origin to the points in which Hit straight line 

Za; + wiy = n ^1) 

meets the locus wlhose equation is 

oac* 2hxg + 6y* + 2ya5 + %fy + c = 0 (2). 


The equation ^(1) may be written 
l x m y j 
n ~ 


(3). 


The coordinates of the points in which the straight line 
meets the locus satisfy both equation (2) and equation (S), 
and hence satisfy the equation 

(4). 

[For at the points where (3) and (4) are true it is clear 
that (2) is true.] 

Hence (4) represents some locus which passes throv^h 
the intersections of (2) and (3). 



STRAIGHT LINES THROUGH THE ORIGIN. 101 


But, since the equation (4) is homogeneous and of the 
second degree, it represents two straight lines passing 
through the origin (Art. 108). 

It therefore must represent the two straight lines join- 
ing the origin to the intersections of (2) and (3). 

123. The preceding article may be illustrated geo- 
metrically if we assume that the equation (2) represents 
some such curve as FQRS in the figure. 



Let the given straight line cut the curve in the points 
P and Q, 

The equation (2) holds for all points on the curve PQIiS. 

The equation (3) holds for all points on the line PQ. 

Both equations are therefore true at the points of 
intersection P and Q. 

The equation (4), which is derived Srom (2) and (3), 
holds therefore at P and Q* 

But the equation (4) represents two straight lines, each 
of which passes through the point 0. 

It must therefore represent the two straight lines OP 
and OQ. 

194. Bx. Prove that the Uraight linee joining the origin to the 
point# of intersection of the straight line and the curve 

6jp*+ 12xy - 8y*+ 8ae - 4jf + 12=0 
tnake equal angles with the axes. 

As In Art. 122 the equation to the required straight lines is 

6»*+ia4!y-8y*+(8*-4y) ^ + 13 ® <!>• 
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For tliis eqaation is homogeneous and therefore represents two 
straight lines through the origin ; also it Is satisfied at the points 
where the two given equations are satisfied. 

Now (1) is, on reduotion, 

so that the equations to the two lines are 

y=i2x and p=s ~2x. 

These linos are equally inclined to the axes. 

125. It w'as stated in Art. 115 tliat, in general^ an 
equation of the second degree represents a curve- line, 
including (Art. 116) as a particular case two straight lines. 

In some cases however it will be found that such 
equations only represent isolated points. Some examples 
arc appended. 

Ex. 1. What is represented by the locus 

(a; - y c)* -I- (oj -H y - c)* = 0? (1). 

We know that the sum of the squares of two real 
quantities cannot bo zero unless each of the squares is 
separately zero. 

The only real points that satisfy the equation (1) 
therefore satisfy both of the equations ^ 

05 — y + c — 0 and os y — c = 0. 

But the only solution of these two equations is 
© 

a; = 0, and y = c. 

The only real point represented by equation (1) is therefore 
(0, c). 

The same result may be obtained in a different manner. 
The equation (1) gives 

(a:-y + c)* = - {x + y - c)*, 
t.e. a: — y + c = ifc\/~l (a;-i- y — c). 

It therefore represents the two imaginary straight lines 

» <1 - - y (I + + c ( I + ./ri) = 0, 

«nd *(l + ^/-l)-y(^-^/^) + e(l-^/:^l)=0. 
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Each of these two straight Hues" passes through the 
real point (0, c). We may therefore say that (1) represents 
two imaginary straight lines passing through the point 
(0, c). 

Ex. 2. Wlmi is represerited hy tlie equation 

As in the last example, the only real points on the locus 
are those that satisfy both of the equations 

03 * - a* = 0 ami y* ~ = 0, 

i.e. and y=^dth. 

The points represented are therefore 

(rt, h), {a, -b), (■-«, b), and {-a, -£). 

Ex. 3. What is rt^yresented hy the equation 
re® + y® + a* =:= 0 ? 

The only real points on the locus are those that satisfy 
all three of the equations • 

a; = 0, y = 0, and o = 0. 

Hence, unless a vanishes, there are no such points, and 
the given equation represents nothing real. 

The equation may be written 

ai» + y® = -o», 

so that it represents points whose distanee from the origin 
is a>/-l. It therefore represents the imaginary circle 
whose radius is aV-1 and whose centre is the origin. 

X2e. Bx. 1. Obtain the condition that one of the itraujht lines 


given by the equation 

aar* + 2hxy + = 0 (1) 

may coincide with one of those given by the equation 

a'x*+2hxy + by^0 (2). 

Let the equation to the common straight line be 

y-mjaf=0 (3). 


The quantity y - nux must therefore be a factor of the left-hand of 
both (1) and (2), and therefore the value y^m^x must satisfy botlr (1) 

*n4 (2). 
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We therefore have 



and 5'mi*+ aA'ffii + a'=0 

Solving (4) and (6), we have 

2 ( W - h*a) “ ab' - a'& “ 2 (6 V - t'A) * 
?ta*-h'a_ I ab*~-a*b 1* 

•'• hW-b'h~”^ ~ ’ 

80 that we must have 

{aV - a'6)«= 4 {W - h'a) (bW - 6'A). 


m. 

,( 6 ). 


Ibc. a. Prove that the equation 

m (** - 3j:y*) -f-y*- 3«*y =0 
three straight lines equally inclined to one another. 
Transforming to polar coordinates (Art. 35) the equation gives 
m (cos^d - 3 oosd sin*0) + sui*tf -3 coB^tf sin d=0, 
f. e. OT (1 - 3 tan^^) -f tan*^ - 3 tan ^=s 0, 


i,e. 


3 tan d - tan* $ 
l-3tan>« 


3= tan 33. 


If ms tan a, this equation gives 

tan 33= tan a, 

the solutions of which are 

33= tt, or 180° +tt, or 860°+ a, 

i.e. «=“. or 60"+|. or 120“+?. 


The loons is therefore three straight lines through the origin 
inclined at angles 

60°+|, and 120°+| 

to the axis of x. 

They are therefore equally inclined to one another. 


ItaK. a. Prove that two of the straight lines represented by the 
equation 

<Mj» + 5**y +cfl:y*+£fy*=0 (1) 

will be at right angles if 

a*+<ic + 6il+ cP=0. 

Let the separate equations to the three lines be 

and 
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BO that the equation (1) must be equivalent to 



d (y - m^x) iy - eij®) (y - myc) = 0, 


and therefore 

ifij+m,+fii,= 

(2), 


b 

*«»»«* +wia»i+wh»*3==^ 

(3). 

and 



(4). 


If the first two of these straight lines be at right angles we have, 
in addition, 

mi7na= -1 (6). 

From (4) and (5), we have 

a 


and therefore, from (2), ^ 


a 


c + a 

~d~ 


The equation (3) then becomes 


af e + a\ . b 
d\ d ; 


i.e. 


o’+ac + 6d+il*=s0.. 


BXA.MPLES. XIV. 


1, •Prove that the equation 

^»-«* + 3ajy (y~ar)=0 

represents three straight lines equally inclined to one another. 

2. Prove that the equation 

(cos a + a/S sin a) oos a-^xy (sin 2a -> ,^3 cos 2&) 

+ (sin a-^Bcos a) sin a=0 
represents two straight lines inclined at 60° to each other. 

Prove also that the area of the triangle formed with them by the 
straight line 

(cos a - sin a) y - (sin tt + cos a) * + a a 0 



and that this triangle is equilateral. 

3. Shew that the straight lines 

(A» ^ 8i?*) a»+ SAFay + (P* - 3d>) 0 

form with the line Ax+By+C^zO an equilateral triangle whose area 
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[Exs. 


4, Find the equation to tbe pair of etraight lines joining tbe 
origin to tbe intersections of the straight line y^unx+c and tbe curve 

Prove that they are at right angles if 
2c>=a>(l+m*). 

5, Prove that the straight lines joining the origin to the points 
of intersection of the straight line 

kx + hy=s2hk 

with the curve (x - /t)* + (y - I;)*=c* 

are at right angles if }i ? + 

6, Prove that the angle between the straight lines joining the 
origin to the intersection of the straight line p = Sx+2 with the curve 

j;* + 24q^ + 3y*+4ac + 8y-*ll=0 istan”^^^. 

O 

7, Shew that the straight lines joining the origin to the other two 
points of intersection of the curves whose equations are 

+ Sliofy + by^ -r 2//*= 0 

and a'j® + 2h'xy 4 h'y^ + =0 

will be at right angles if 

g({i'+h')-9'(a + h)=^0. 

What loci are represented by the equations 

8, 9. a^-xy=sQ. IQ. xy -ayssO. 

11. x^-x^-x-hl = 0, 12. 13. jr» + y5=0. 

14. x*+y»=0. 15. **y=0. 16. (**-l)(y»-4)‘=0. 

17, (x* - 1)2 + (y®- 4)2=0. 18, (y-mx-c)* + (y--TO'a?-c')* = 0. 

19. (x2-a2)2(a;2-b2)2 + c^(y2.a2)*=:0. 20. (x-a)*-y*=0. 

21 . (a;+y)2-c*=i0. 22 . r=aBec(^-a). 

23. Shew that the equation 

bx* ~ 2/ta?y + ay*— Q 

represents a pair of straight lines which are at right angles to the pair 
given by the equation 

ax* + 2Acy + by2=0. 

24. If pairs of straight lines 

x*-2p*y- y2=r0 and x^-2qxy 

be such tlat each pair bisects the angles between the other pair, prove 
thatp<f= - 1. 

25. Prove that the pair of lines 

a*®* + 2b (a + b) xy + b2y*=s0 
is equally inclined to the pair 

ax2 +21u;y + bt/*ssQ, 
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26. Shew also that the pair 

+ Vixy + + X (x* + y*)=s 0 

ia equally inclined to the aame pair. 


27. If 0110 of straight lines given by the equation 
+2/u;y + 6^® - 0 

coincide with one of those given by 

a'as* + 2h!xy + b'y*= 0, 

and the other lines represented by them be perpendicular^ prove that 




h'tt6 

6-a 




28. Prove that the equation to the bisectors of the angle between 
the straight lines ax®+2/«a;y + %®=:0 is 

X (x* - y®) + (& - ft) ocy = (ax® - &y*) cos w, 
the axes being inclined at an ahgle 61 . 

29. Prove that the straight lines 

fta? + 2 Axy + 6y® = 0 

make equal angles with the axis of x if X^acosw, the axes being 
inclined at an angle a. 

30. If the axes be inclined at an angle shew that the equation 

a? + 2xy cos «*+ y® cos 2wss0 
represents a pair of perpendicular straight lines. 

31. Shew that the equation 

• cos 3a (x® - 3afy®) + sin 3tt (y* - 3x®y) + 3a (x® + y®) - 4a*= 0 
represents three straight lines fonning an equilateral triangle. 

Prove also that its area is 8 j^Sa®. 


32. Prove that the general equation • 

aac® + 2ftxy + 5y® + 2yx 4- 2/y + c =0 
represents two parallel straight lines if 

/(®=a& and 6p®=a/®. 

Prove also that the distance between them is 


2 . / 

V a(a+by 

33. If the equation 

0x^+2 Jixy + by* + 2yx + 2/y + c = 0 

represent a pair of straight lines, prove that the equation to the third 
pair of straight lines passing through the points where these meet the 
axes is 

- 2h«y + by® + 2p» + 2yy + c + ~ ajy =s 0. 

c 
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34. If the equation 

+ 2h9r2; + -t- + c =s 0 

represent two straight lines, prove that the square of the distance of 
thkr point of intersection from the origin is 

35. Shew that the orihooentre of the triangle formed by the 
straight lines 

<M5^+2/wfy + 5y*— 0 and lx+fny=il 
is a point (ae', y') such that 

g + ft 

l~~ am*- 2A/m+ * 

36. Hence find the locus of the orthooentre of a triangle of which 
two sides are given in position and whose third side goes through a 
fixed point. 

37. Shew that the distance between the points of intersection of 
the straight line 

X cos a + y sin a - p =s 0 
with the straight lines ox* + 2/»a5j^ + 6y*s=0 

. > 2 ^1^/!*,- aft 

h cos*a - 27* cos a sin a + a B.n* a * 

Deduce the area of the triangle formed by them. 

38. Prove that the product of the perpendiculars let fall from the 
pomt (x'y y*) upon the pair of straight lines 

ax* + 2ftxi^ + &y*=0 
aac^ 4- 2fu^y' 4- by^ 

39. Shew that two of the straight lines represented by the 
equation 

ay^+ 6aq/*+cx*y*+dx*y +«af*s=0 
will be at right angles if 

(6 + d) (ad+ be) + (« - o)* (a+c +c)s0. 

40. Prove that two of the lines represented by the equation 

ox* + y + cx*y* + dxy* + SB 0 
will bisect the angles between the other two if 
c+6as0 and b+dasO. 

41. Prove that one of the lines represented by the equation 

ax* + ba^y + cxy* + dy» = 0 
will biseol the angle between the other two if 

(8a -f c)«(5c+2ed - Sod) 8d)*(b0 * Setd^. 
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TRANSFORMATION OF COORDINATES. 

127. It is sometimes found desirable in the discussion 
of problems to alter the qrigin and axes of coordinates, 
either by altering tlie origin without alteration of the 
direction of the axes, or by altering the directions of the 
axes and keeping the origin unchanged, or by altering the 
origin and also the directions of the axes. The latter case 
is merely a combination of the first two. Eitiier of these 
processes is called a transfomation of coordinates. 

We proceed to establish the fundamental formulas for 
such transformation of coordinates. 

128. To alter (lie origin of coordinates without altering 
the directions of the axes. 

Let OX and OF be the original axds and let the new 
axes, parallel to the original, be 

aX' and OT', 

Let the coordinates of the new 
origin O', referred to the original 
axes be h and so that, if O'L be 
perpendicular to OX^ we have 
OL^h and 

Let P be any point in the plane 
of the paper, and let its coordinates, referred to the original 
axes, be x and y, and referred to the new axes let them be 
af and j/. 

Draw TX perpendicular to OX to meet (fX^ in 
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Then 

ON^x, aJT'^Xy and 

We tJiercfoie have 

aj = OiV= OL + aN' = A + x\ 

and y=^NP = LO^ + J^T=^k + y\ 

The origin is therefore transferred to the point (A, k) when 
we substitute for the coordinates x and y the quantities 

a+A and y' + A. 

The above article is true whether the axes be oblique 
or rectangular. 

129 . To change the direction of the aacee of coordinates^ 
without changing the origin^ both systems of coordinates being 
rectangular. 

Let OX and OT be the original system of axes and OX^ 
and 0 Y' the new system, and let 
tlm angle, X0X\ through which 
the axes are turned be called $, Y 
Take any point P in the plane 
of the paper. 

Draw PX and PX' perpen- 
dicular to OX and 0X\ and also 
X'L and X'M perpendicular to OX and PX, 

If the coordinates of P, referred to the original axes, 
be X and y, and, referred to the new axes, be x' and y^, we 
have 

ON^x, XP = y, 0X'^x\ and XT = y\ 

The angle 

MPX' = 90* - z MXP=^ z MXV = i XOX’ - 0, 


We then have 

x^OX^OL-- MX' = OX' cos 0 - X'P sin 0 

= of cos 0 — y'sm$ (1), 

and y ^ NP^LX' + i/P= ON' sin d + X'P cos 0 

sin + y' cos d (2). 
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If therefore in any equation we wish to turn the axes, 
being rectangular, through an angle 0 we must substitute 

x' 008^-7' sin^ and z' Bin 0 4- 7' C08 9 

for X and y. 

When we have both to change the origin, and also the 
direction of the axes, the transformation is clearly obtained 
by combining the results of the previous articles. 

If the origin is to be transformed to the point (A, i) 
and the axes to be turned through on angle d, we have to 
substitute 

h + x ' cos O — y' siiid and A + a:' sin + y' cos B 
for X and y respectively. 

The student, who is acquainted with the theory of projection of 
straight lines, will see that equations (1) and (2) express the fact that 
the projections of OP on OX and OY are respectively equal to the 
sum of the projections of OxV' and N'P on the same two lines. 

130. Bx. 1. Transform to parallel axes through the point ( - 2, 3) 
the equation 

2** f ixy + 5y*— 4ar - 22y + 7 =■ 0. 

*Wo substitute x=:x' - 2 and y=y' + 3, and the equation becomes 
2{y-2;a+4(x'-2){y' + 3) + 6(y'+3)»-4(ar'-2)-22(/ + 3) + 7=0. 
Le. 2x^+4j?y+5y'a-22=sO. 

t 

Bz. 8. Transform to axes inclined at 30^ to the original axes the 
equation 

x^+2 tjZxy - 2a*. 

For X and y we have to substitute 

a/ cos 30® -y' sin 30® and a?' sin 30® +y' cos 30®, 

and 

The equation then becomes 

- F')*+ 2 (j:V 3 - /) (*' + 1/ V^) - + F V8)*= 8a*, 

iye. 
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EXAMPLES. XV. 


1. TranBform to parallel axes throngh the point (1, - 2) the 
equations 

(1) p*-4a+4p+8=0, 
and (2) 2ic*+p®-4af+4ys=0. 

2. AVhat does the equation 

(x-<i)>+(y-6)»=c* 

become when it is transferred to parallel axes through 

(1) the point (a b), 

(2) the point (a, b ~ c) ? 

3. What docs the equation 

(a - 6) (x*+y®) “ 2a5x=0 

become if the origin be moved to the point ^ . 0 j ? 


4. Transform to axes inclined at 45^ to the original axes the 
equations 

( 1 ) • 

(2) 17x*-lCxy + 17y»«225, 
and (8) 


5. Transform to axes inclined at an angle a to the original qxes 
the equations 

(1) a^+y»=r>, 

and (2) x*+2aEptan2a*-p’=al 

6. If the axes be turned through an angle tan'^ 2, what dors the 
equation 4xy - Sx*sa^ become ? 

7. By transforming to parallel axes through a properly chosen 
point (b» k), prove that the equation 

12fl^ - lOiry + 2y* + llx O' 5y + 2 3= 0 

can be reduced to one containing only terms of the second degree. 

8. Find the angle through which the axes may be turned so that 

the equation -hCsO 

may be reduced to the form xs constant, and determine the value of 
this constant. 


13X. The general proposition, which is given in the 
next article, on the tran^ormation from one set €t oblique 
axes to any other set of oblique axes is very 
importance and is hardly ever required. 
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^18S« To change from one ut of axes^ inclined at an 
angle «>, to another set^ inclined at an angle ia\ the origin 
remaining vncltared 



Let OX and OFbe th^ original axes, OX* and OY* the 
new axes, and let the angle XOX* be 

Take any point P in the plane o£ the paper. 

Draw and PN* parallel to OF and OY* to meet OX 
and OX* respectively in N and N*^ PL perpendicular to OJT, 
and N*M and N*M* perpendicular to OL and LP. 

Now 

i PXL^ i YOX r-.io, and PX*3f* ^Y*OX -hO. 

Hence if, 

• OX'^X, NP^y, ON*^x*, andJV^T^y', 
we have y sin oi = iVP sin w = ///*== if iV'' + Jf'jP 

= Oir'sinfl + JV^'Psin((«,' + fl), 

so that y sin « = a' sin ^ + y' sin (c«i' + (1). 

Also 

* + y cos o)« 0.V+ NL^OL^ OM + N*M* 

= ac' cos + y' cos (<!>' + tf) (2). 

Multiplying (2) by siniu, (1) by cosw, and subtracting, 
we have 

a? sin «) = aj' sin (a> - ) + y' sin (« - « - ) (3). 

[This equation (8) may also be obtained by drawing a perpen- 
dicular from P upon QY and prooeeding as for equation (1).] 

The equations (1) and (3) give the proper substitutions 
for the change of axes in the general case, 

A* in Art. USD the equations (1) and (9) may be obtained by 
equaitttg ^ projections of OP and of OX and XP on OX and a 
straic^t une perpim^oakr to OX. 
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*133. Particular cases qf the ^seeding article, 

(1) Suppose we wish to transfer our axes from a 
rectangular pair to one inclined at an angle <i>'. In this 
case <i> is QO**, and the formulie of the preceding article 
become 

a: = as' cos d + y' cos (<i>' + ^), 
and y as' sin ^ + y' sin (co' + B), 

(2) Suppose the transference is to be from oblique 
axes^ inclined at o), to rectangular axes. In this case a>' is 
90*, and our fonnulse become 

as sin w = a;' sin (<i> — — y cos (o> - B), 

and y sin <a = os' sin ^ + y' cos B, 

These particular formulie may easily be proved in- 
dependently, by drawing tlie corresponding figures. 


XSz. Trana/orm Oie equation ^ ~ rectangular axes to 

axes inclined at an angle 2q, the new axis of x being inclined at an angle 
^ a to the old axes and sin a being equal to ^ 


Here 0= ~a and (i)'=2a, bo that the formuliB of transformation 
( 1 ) become , 

a; s; (a;' cos a and y = (y'- as'lsina. 
b a 

Since sin a= — , — ^ , we have cos a = —, — =>,, and hence the 

Ja^+lP V<*’+*>* 

given equation becomes 

i,e. «y=i(a*+6»). 


*134. The degree of an equation is unchanged by emy 
transformation of coordinates. 

For the most general form of transformation is found 
by combining together Arts. 128 and 132. Hence the 
most general formulas of transformation are 

- ,sin(<i> — d) ,sin(w-w'-tf) 

a5 = A + aj — ^ ^ +y — 


since 


y 




Since 


since 


and 
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For X and y vre have therefore to substitute expressions 
in x' and y' of tiie first degree, so that by this substitution 
the degree of the equation cannot be raised. 

Neither can, by tliis substitution, the degree be lowered. 
For, if it could, then, by transfonning back again, the 
degree would be raised and this we have just shewn to be 
impossible. 

*185. If by any change of cuces, without change j)f origin, the 
quantity ax- + Vixy + hy^ become 

the axes in each ease being rectangular, to prove that 
a+b=a* + b*, iind a6- A'®. 

By Art. 129, the new axis of x being inclined at an angle 0 to the 
old axis, we have to substitute 

x' cos 0 - ein 0 and x* sin 0 + y* cos 0 
for X and y respectively. 

Hence ax^ + 2hxy + 

=s a (x' cos d - y ' sin d)* + 2A (a;' cos 0-y'mn 0) (xf sin ^ + y ' cos 0) 

+ b (x* sin 5 + y' cos d)* 

= x'® [a COB® 0-{-2h COB d sin 5 + 6 sin® 0\ 

+ 2x'y' [ - a cos d sin 5 + h (oos® 0 - sin® d) + b cos 0 sin d] 


• + y'® [a sin* 0 - 2h cos d sin y + & cos* d]. 

We then have 

a'=acos®d+2/icosysin y+&sin®y 

= i [(a + if) + (a - 1) COS 29 + 2/i sip 29] (1), 

t'=a sin*9 - 2/ioos 9 sin 9+ bcos*9 

- j[(a + b) - (a - b) oos 29 - 2h sin 29] (2), 

and V— -ttCOs98in9+fc(cos*9-8in®9) + bcoB9Bin9 

=J[2bco8 29-(a-b)sin29j (3). 

By adding ( 1 ) and (2), we have a'+ l/=a+b. 

Also, by multiplying them, we have 

4a'h'= {a + 1)* - {(a - b) cos 29 + 2h sin 29}®. 

Hence 


= (a + b)® - [{2/i sin 29 + (a - b) cos 29 }® + {2h oos 29 - (a - b) sin 29}*] 

= (o + b)* - [(a - b)» + 47i»] = 4ab - 4b» 
so that a'b'-b^*ab-b*. 

188 . To find the angle through which the axes mutt he turned so 
that the expression d«®+2bxy -i-by* may become an expression in which 
there is no term involving x^y\ 
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AasaxniDg the work of the previous art!ole the ooeflioient of tsY 
vanishes if V be zero, or, from equation (8), if 


te. if 


2hoos2^=(a*b) sin 20, 
tan2«s: 


a-b' 

The required angle is therefore 


'*^137* The proposition of Art 135 is a particular 
case, when the axes are rectangular, of the following more 
general proposition. 

If hy any change of cuees, without change of origin, the 
quantity aa? + 2Aacy + becomee a* a? + 2hxy + b'y®, <4en 

a h -~2h cos to ^ a' + b' 211 cos ta 
sin^ to ^ sin? to * 


and 


oh^l? -h^ 
sin? to sir? to * 


to and to* being the angles between the original and final pairs 
of axes. 

Let the coordinates of any point P, referred to the 
original axes, be x and y and, referred to the final axes, let 
them be x* and y\ 

By Art 20 the square of the distance between P and 
the origin is + 2xy cos <0 + 3 ^, referred to the original axes, 
and + 2x}/ cos to + y'*, referred to the final axes. 

We therefore elways have 

St? + 23cy cos 01 + y* = «'* + 2a;y' cos w' -f y'* (1). 

Also, by supposition, we have 

aa? + 2Aay + ^ = ctV* + 2AVy' + b'y'* (2). 

Multiplying (1) by X and adding it to (2), we therefore have 

(a + X) + 2ay (X + X cos o)) + y* (6 + X) 

- («' + X) + 2sdy* (A' + X cos o>') + 3 ^ ( 6 ' + X) . . . ( 3>, 

If then any value of X makes the left-hand side of (3) a 
perfect square, the same value must make the right-hand 
side also a perfect square. 

But the values of X which make the left-hand a perfect 
square are given by the condition 

(A X cos o»)* «= (a + X) (6 -h X), 
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».«. by 

X* (1 - C 08 * a) + k{a + b — 2h cos a) + ah — 1^=> 0, 

• u \< v® + 5~2Aco8<b ab — h* ^ 

%.». by X* + X r-. + -r-y— =0 (4). 




In a similar manner the values of \ which make the 
right-hand side of (3) a perfect square are given by the 
equation 


. a' + 6'-2A'cosiu' aV ^ 

X* + X + - . j -r -0 

sin'o) sin^o) 


(5). 


Since the values of X given by equation (4) are the same 
as the values of X given by (5), the two equations (4) and 
(5) must be the same. \ 

Hence we have 


a + b — 2hcoa<ii_ a'+V — 2h' coscu' 
sin>€0' “ Bin^cu' 


ab-ha_a'V-h'a 
ain<ai "" • 


EXAMPLES ZVI. 


1, The equation to a straight line referred to axes inclined at 30^ 
to one another is v=s2j:+ 1. Find its equation referred to axes 
inclined at 45% the origin and axis of » being unchanged. 

2. Transform the equation 2^^* + 3 + 3y^ = 2 from axea 

inclined, at SO** to rectangular axes, the axis of x remaining 
unchanged. 

3« Transform the equation +v’=8 from axes inclined at 
W to axes biseeting the angles between the original axes. 

4. Transform the equation y*+ 4^ cot a - sO from rectangular 
axM to oblique axes meeting at an angle a, the axis of x being kept 
the same. 


5, If X and y be the coordinates of a j^int referred to a system of 
oblique axesp and af and y* be its oomdinates referred to another 
system of oblique axes with the same origin^ and if the formuhe of 
transformation be 

a&tnnB'+fiy' and yfciitV+ny, 


prove that 


“ nn* 



CHAPTER VIIL 


THE CIRCLE. 

138. Def. A circle is the locus of a point \vhich 
moves so tliat its distance from a fixed point, called the 
centre, is equal to a given distance. The given distance is 
called the radius of the circle. 

139« To find the equation to a drcle, the axes of coordi- 
nates being two straight lines th/rough its centre at right 
angles. 

Let 0 bo the centre of the circle and let a be its radius. 

Let OX and 07 be the axes of 

coordinates. 

Let P be any point on the circum- 
ference of the circlj, and let its coordi- 
nates be X and y. 

Draw Pif perpendicular to OX and 
join OP. 

Then (Euc. i. 47) 

Oif* + = 

i.e. + * 

This being the relation which holds between the coordi- 
nates of any point on the circumference is, by Art. 42, the 
required equation. 

140. To Jmd the equation to a circle r^erred to any 
rectangular axes. 
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Let OX and OY he the two rectangular axes. 

Let C be the centre of the 
circle and a its radius. 

Take any point P on the 
circumference and draw per- 
pendiculara CM and PX upon 
OX ; let be the point (x, y). 

Draw CL perpendicular to 
NP. 

Let the coordinates of C lie 
h and k \ these are supposed to be known. 

We have CL = MN OX-^OM:=^x- h, 
and LP=XP-^A^L::rXP^MC^^y-k 

Hence, since CL^ ■¥ LP*=i Cl^, 
we have (x -• h)* + (y — k)* s= a* (1 ). 

This is the required equation. 

Sx. The equation to the circle, wboisfe centre is the poiut ( > 3, 4) 
and whose radius is 7 , is 

(a:+3)9+(y-4)*=r7«, 

i,e, 4;^-l-y®+6j;-8y = 24. 

141 . Some particular cases of the precedlug article may be 

noticed : 

(a) Let the origin 0 be on the circle so that, in this case, 

OAP + lfO»=a», • 

i.e. A9+jfc*=a®. 

The equation (1) then becomes 

t.e. 

(^) Let the origin be not on the curve, but let the centre lie on 
the axis of «. In this case and the equation becomes 

( 7 ) Let tlie origin be on the curve and let the axis of « be a 
diameter. We nowha^o and a=s/i, so that the equation becomes 

*-+y*-2A!rssO. 

/3) By taking 0 at C, and thus making both h and k zero, we 
have the case of Art. 189. 
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(e) The circle will toaeh the asis of a if MC be eqaal to the 
radius, i.e. if le=a. 

The equation to a circle toudiing the axis of « Ib therefore 
a® + y* - 2haf - + h* = 0. 

Similarly, one touching the axis of y is 

** + y* “ 2 Ar - 2% + &* = 0. 

142. To prove that the equation 

a** + y*+ 2y£C+2yy + c = 0 (1), 

fdwaye repreaents a circle for all valuta of g^f and e, and to 
find ita centre and radiua. [The axes are assumed to be 
rectangular.] 

This equation maj be written 

(nc* + 2ya; + y*) + (y* + 2^ +/®) =y® +/■ ~ c, 

*.«. (* + gf + (y +/)* = {7^ +/*-«}’. 

Comparing this with the equation (1) of Art. 140, we 
see that the equations afe the same if 

A = -y, * = -/, and a^^y’+Z^-c. 

Hence (1) represents a circle whose ce ntre is tlie point 
(— y, — Z), and whose radius is ff 

If y* +Z’ radius of this circle is real. 

If y* +Z^ = radius vanishes^ t. c. the circle becomes 
a point coinciding with the point (— y, -Z)* Such a circle 
is called a poinbcircle. 

If f +Z* < radius of the circle is imaginary. In 
this case the equation does not represent any real geo* 
metrical locus. It is better not to say that the circle does 
not exist, but to say that it is a circle with a real centre 
and on imaginary radius. 

I. The equation y®+4jB-6ya:0 can be written in the 

form 

(»+2)*+(y-8)*=13-(^)*, 

and therefore represents a cirde whose centre is the polni( **2, 8) and 
whose radius is tJXZ, ^ 
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nx. a. The eqnation CO^c-t-SCy +193>0 ia equivalent 

to 

**+y»-ja+Jy=-H, 

i.*. {»-!)*+(»+l)*=»+A-«=«^. 

and therefore represents a circle whose centre is the point - {) and 

whose radius is . 

143 . Condition tJuLt Ike general equation of tliC second 
degree may represent a circle, 

Tlie equation (1) of the preceding article, multiplied by 
any arbitrary constant, is a particular case of the general 
equation of the second degree (Art. 114) in which there is 
no term containing xy an^ in which the coefficients of 
and y* are equal. 

The general equation of the second degree in rectangular 
coordinates therefore repi^ents a circle If the coefficients 
of and be the dame and if the coefficient of xy 
be zero. 

144 . The equation (I) of Art. 142 is called the 
general equation of a circle, since it can, by a proper 
choice of y, f and c, be made to represent any circle. 

The three constants y, f and c in the general equation 
correspond to the geometrical fact that a circle can be found 
to satisfy three independent geometrical conditions and no 
more. Thus a circle is determined when three points on it 
are given, or when it is required to tohch three straight 
lines. 

laa. To find the equation to the circle which is described on the 
line joining the points and (^, y^) as diameter. 

Let A be the point {Xy, y^) and B be the point {x^, p,), and let the 
coordinates of any point JP on the circle be h and k. 


The equation to is (Art. 62) 

( 1 ). 

and the equation to BP is 

W* 


h But, since APB is a semidrole, the angle APS is a right angle, 
and hence the straight lines (1) and (2) are ib right angles. 
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Hence, by Art. C9, we have 

* 

ue. (h-a;i)(h-jrj) + (*-yi)(fc-yj)5s0. 

Bat this is the condition that the point {h^ k) may lie on the curve 
whose equation is 

(* - *,) (i - *,) + (y - Vi) (i; - y.) =0. 

This therefore is the required equation. 


149. Intercepts made on the (txet by the circle whose equation is 
aa;*+oy*+2y«+2/y + c=0 (1). 

The abscissaa of the points where the circle (1) meets the axis of ar, 
t.e. y=:0, are given by the equation 

fl*®+2yx + c = 0 (2), 

The roots of this equation being and x .^ , 
we hare 


* and 


Xi + X^ 


* ^ a 


(Art, 2.) 



Henco 


= V( 

= [^1 ^ ^5 ss 2 ~ ^ 

V «* « a ‘ ’ 


Again, the roots of the equation (2) are both imaginary if g'^cac. 
In this case the circle docs not meet the ax is of x iu real points, t.f. 
geometrically it does not meet the axis of x at all. 

The circle will tO||ioh the axis of x if the intercept be just 
zero, if p^saoc. 

It will meet the axis of a; in two points lying on opposite sides of 
the origin 0 if the two roots of the equation (2) arc of opposite signs, 
t. «. if c be negative. 


147. Sz.1. Find the equation to the circle which passes thro^igh 


the points (1, 0), (0, -6), and (3, 4). 
lict the equation to the circle be 

** + y* + 2pap + 2/y-f c=0 (1). 

Since the three points, whose coordinates are given, satisfy th 
equation, we have 

l+2p+c=s0 (21» 

36-ljy+c«0 (8), 

and 25 + 6p+8/^.c=(> (4). 
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Subtracting (2) from (3) and (3) from (4), we have 

2flH.12/=86, 

and Cj/+20/=ll. 

Hence /=¥ - V* 

Equation (2) then gives 

Substituting these values in (1) the required equation is 
4x^ + 4y9 - 142a? + 47y + 138 = 0. 

Bx. 2. Find the eqtiation to the circle which touchce the^avis of y 
at a distance +4 from the origin and cute off an intercept 6 from the 
axis of X, 

Any circle is x^+y^ + 2gx +2fy+ess0. 

This meets the axis of y in points given by 
y* + 2/y + c=0. 

The roots of this equation ^must be equal and each equal to 4, so 
that it must be equivalent to (y •'4)^=0. 

Hence 2/= -8, and c = lG. 

The equation to the circle is then 

a^+i/*+2i7r-8y-{ 16=0. 

This meets the axis of x in points given by ^ 
a;®+2/jra5+16=0, 

i,€, at points distant 

+ an I -g- 

Hence 6=c2^^«-16. 

Therefore and the required equation is 

xH!/*±10a?-8i/+lG=0. 

There are therefore two circles satisfying the given couiitions. 
This is geometrically obvious. • 


EXAMPLES. XVn. 

^ Find the equation to the circle 

1. Whose lad.us is 3 and whoso centre is ( - 1, 2). 

'^*2, Whose radius is 10 and whore centre is (- 6, - 6). 

>/3. Whose radius is a + b and whose centre is (a, - b). 
v/4. Whose tadius is and wliose centre is ( - a, - 6). 

, Find the coordinates of the centres and the radii of the circles 
^hoSe equations are 

S, **+y*-4x-8y=41 3«*+8y*-6*-6y + 4=0. 
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a!*+y»ss2^ai-2/y. 

0, ^yr+w* (®*+y*) - 2c* - 2mc^=s0. 

Braw the oifoles whose equations are 
10. **+y*=2<iy. 11. S^4*8 ^‘se4*. 

12. + 5y*= 2* -f By, 

13. Find the equation to the circle which passes through the 
joints - 2) and (4, --8) and which has its centre on the straight 
^ne 3*+4ys7. 


11. Find the equation to the oirole passing through the points 
(0, q) and (&) h), and having its centre on the axis of x. 

Find the equations to the circles which pass through the points 
15. (0, 0), (o. 0), and (0. h). 16. (1, 2). (3, - 4). and (5. - 6). 

v/l?. (1,1),(2, -l),and(3,2). 18. (5. 7), (8, 1), and (1. 8). 

18 .. -*)Taiid(o+ 3 , o-fr). 

20. ABCD is a square whose side is ^ taking AB and AD as 
axes, prove that the equation to the circle o&cumscribing the square is 

• l;*+y*=i((jp+y). 

21. Find the equation to the oirde which passes through the 
origin and cuts o£E intercepts equal to 3 and 4 from the axes. 


22. Find the equation to the circle passing through the origin 
and the points (■, 1i) and (fit, m. Find the lengths of the chords that 
it cuts off from m.axes. ... . 

/ % i ?' * 

23. Find tue equation to tlie eirole which goes through the origin 
and cuts off interceptff equal to \andX from the positive parts of ^e 

21. Find the equation to the circle, of radius which passes 
through the two points on the axis of x which are at a distance ofircutt 
the origin. ^ 


Find the equation to the oirole which 

25. tonches each axis at a distance 5 from the origin. 

26. tenches each axis and is of radius 6 

27. touches both axes and passes through the point ( -> 2, - 8), 

28. touches the axis of * and passes through the two points 
(1, -*2) and (3, *4). 


29. touehes the axis of y at the origin and passes throni^ the 
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30. toaobes the axis of « at a dUtanoa ft from the origin and 
int^^ts a distance 6 on the axis of y. 

81. joints (1, 0) and (ft, 0) are taken on the axis of «, tiie axes 
being xectangalar. On the line joining these ^ints an equilateral 
triangle is described, its vertex bdng in the posmve qnadrant* Find 
the equations to the circles described on its sides as ^meters. 

32. If be the equation of a chord of it dtrole whose radius is 

e, the origin of coordinates being one extr^ity of the chord and the 
axis of X being a diameter of the circle, prove that the equation of a 
circle of which this chord is the dtameter is 

(1 +»»•) - 2o («+ wy) =0. 

33. Find the equation to the circle passing through the points 
(1ft, 48), (18, 39), and (42, ft) and prove that it also passes through 
the points ( - 64, - 69) and ( - 81, - 38). 

34. Find the equation to th^ circle circumscribing tlie quadrilateral 
formed by the straight lines 

2a; + 3y=2, d:r~2yz=4, jr*f2ys=3» and 2x-y=3, 

35. that the equation to the circle of which the points 
(X|, Pi) and («t>^s) the ends of a chord of a segment containing an 
angle 0 is 

(* -*i) (® -*i)+ (y-vi) (» - yj 

it odvf ({* - *i) (y - y.) ^ -«i) (y - y t)] » <>. 

36. th. to the circles in whieb the line joining the 

poii^s (a, h) and (6| - a) is a ehord Bubte|^tiig an angle of dS** at any 
point on its ciwtlinferenoe. 

148« Tangent. Tn Geometry the tangent at any 
point of a circle is defined to bo a straight line which meets 
the circle there, but, being produced, does not cut it; this 
tangent is shown to be always perpendicular to the xadius 
•drawn from the centre to the point of contact. 

" \ From this prc^rty may be deduced the equation to the 
' '^tangent at any point (aj', y ) of the circle + y* = o*. 

For let the point P (Fig. Art. 139) bo the point 

(«^» y)* 

The equetion to any straight line passing through P isi 
by Art. 62, 

y-y' = in(af-ai') (1). 

Alao the equation to OP is 

( 2 > 
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The straight lines (1) and (2) are at right angles, the 
line (1) is a tangent, if 

= (Art. 69) 

i.e, if = — >. 

y 

Substituting this value of m in (1 ), the equation of the 
tangent at (x', y) is 

/ ® / 'v 

y-y =--»(*-*). 

i.e. xa^ + yy'^ so'* + y'^ (3). 

But, since (x, y) lies on the circle, we have x'* + y* = a®, 
and the required equation is then 

xx'+yy'sra* 


149. In the case of most curves it is impossible to 
give a simple construcijon for the tangent as in the case of 
the circle. It is therefore necessary, in general, to give a 
different definition. 

Tangent. Def. Let P and Q be any two points, near 
to one another, on any curve. 

Join PQ] then PQ is called a 
secant. 

The position df the line PQ when 
the point Q is taken indefinitely close 
to, and ultimately coincident with, the 
point P is called the tangent at P. 

The student may better appreciate 
this deGnition, if he conceive the curve 
to be made up of a succession of very small points (much 
smaller than could be made by the finest conceivable drawing 
pen) packed close to one another along the curve. The 
tangent at P is then the straight line joining P and the 
next of these small points. 

150. To find iJha equaiwn of the taTigent at the point 

y*) circle as* + ^ =s a*. 
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Let P be the given ])oint and Q a point (a/', y") lying on 
the curve and close to P. 

The equation to is then 



Since both y) and (x\ y**) lie on the circle, we have 

+ y'* = a\ 

and + = 

By subtraction, we have 

t. (aj" - c^) (a:" + x^) + (y^' - y') {f + y') = 0, 

v"-i/ 

x" — x' y” + y * 

Substituting this value in (1), the equation to PQ is 


't. 6. 


•J(2). 


, X +x , . 

y-y 

Now let Q be taken very close to Py so that it ulti- 
mately coincides with /*, i. e, put x' = x* and y" = y\ 

Then (2) becomes 

y-y =--27 (*-*)» 

i. e, yy' + ara;' = sc'® -i- y" = a*. 

The required equation is thei^efore 

xx'+yy'sa^ ( 3 ). 

It will be noted that the equation to the tangent 
found in this article coincides with the equation found 
from the geometrical definition in Art. 148. 

Our definition of a tangent and the geometrical definition 
therefore give the same straight line in the case of a circle^ 

151. 2h obtain the equation qf the tangeni ett <my point 
(off y'} lying an the circle 

+ y® + 2yaj + 2>fy -i- oaOl 
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Let P be the given point and Q a point {x'\ y") lying on 
the curve close to P. 

The equation to PQ is therefore 

(*-*') 0)- 

Since beth (a/, y') and (»", y") lie on the cirdc, we have 

ie^ + y'* + 2y*' + 2// + c = 0 (2), 

and *"» + y"* + 2gx'' + 2/y" + e = 0 (3). 

By Bubtraction, we have 
*"• _ *'• + y"» - y" + 2g (x” - x) + 2/(y" - j/) = 0, 

*.a (*" - »’) (*" + a/ + 2y) + (y" - y') (y" + y' + 2/) = 0. 

-l/ x" + af+2g 

y" + y' + y 

Substituting this value in (1), the equation to be- 
comes 

, a?” + a:’ + 2// , 

»-»— FTTH?*”"”* 

Now let Q bo taken very close to P, so that it ultimately 
coincides with P, i.e. put sc" = a:' and y" = y'. 

The equation (4) then becomes 

y (y' +/)+*(*'+ S') =y'(y'+/) + *'(*'+«') 

a a!’ + y'* + yai' 

= -SW!' -//-«. 

»V(2). 

This may be written 

JOS' + jy* + » (K + + ^(sr + srO + « ** 0 

which is the required equation. 


152. The equation to the tangent at y'l is ther^ 
fore obtained from that of the circle itself uy sunstSttK^g 
XX* for off for ^^x^oi for ^ and y + y' for 2y. 
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This is a particular case of a <reiieral rule which will Ije 
found to enable us to write down at sight tlie equation to 
the tangent at (.r', y’) to any of the curves with which we 
sliall deal in this book. 

153 . Points of intersection^ in yeneraf, of the straight 


line 

y=^7nx-\r ( 1 ), 

vjith the circle jc^ + ^ - n' (2). 



The coordinates of the points in wliich the straight line 
(1) meets (2) satisfy both equations (1) and (2). 

If tlieiTforc wo solve them as simultaneous equations 
we -shall obtain the coordinates of the coiiinion point or 
points. 

Substituting for // from (1) in (2), the absoissie of the 
requiifd points are given }»y the etpiation 

nf (ituG I c)- — a®, 

x‘ (1 7a®) + 27/tc.i; c® — a® ~ 0 (3). 

The n»f»ts of this equation are, by Art. 1, real, coinci- 
dent, or iniagiiiary, acconling as 

(2//m;)® —4(1+ 7/r) (c® — <r) is positive*, zero, or negative, 
Le, according as 

rt* (1 1 - 7a®) — c“ is positive, zero, or negative, 

Le, according as 

c* is < = or > a* (1 + m^). 

In the figura the lines marked I, II, and III are all 
parallel, i,e, their equations all have the same 

L, 5 
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The straight line I con*espond8 i-o a value of c® which 
is < a® ( I + w**) and it meets the circle in two real points. 

The straight line III which corresponds to a value of o®, 
> a® (1 + 7 /^®), does not meet the circle at all, or rather, as in 
Art. 108, this is better expressed by saying tliat it meets 
the circle in imaginary points. 

The straight line II corresponds to a value of which 
is equal to a® (1 t* 974 ®), and meets the curve in two coincident 
points, i,€. is a tangent. 

154 .* We can now obtain the length of tlie chord inter- 
cepted by the circle on the straight line (1). For, if and 
osg be the roots of the equation (3), we have 

2nic , c®— a’ 


Znic , cr — a 


Jloiico 


^ V ^ 

Xi — a ’2 — pj (.rj + a’ 2 )* — 4.1^02 ~ j +2/^8 \l ■" 

^ 1 --- ,JaHl+7n,‘)-c’. 

1 + m* ^ ' ' 

K */i and be the ordinates of (J and A* wo have, since 
those points are on (1), 

= + f c) w (jjj - jcj). 

Hence 

Qli - i/jY + (r, - ».)’ Jl + iii'‘ ( . j - jv) 

^ v 1 + »»•"■ • 

In a faiinilar inanner wo can consider the points of intcr- 
Boctioii of the straight lino y-7tuc + k with the circle 

+ lY \-'2ffj; + 2/i/ + c-0. 

156 . 77ie straight line 

y -mx->r aji + m® 

is always a ta^igmt to the circle 

+ y* = a®. 
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As in Art. 153 the straight line 
y - mx + c 

meets the circle in two points which are coincident if 
c =- a Jl + m*. 

But if a straight line meets the circle in two points 
which ai*o indefinitely close to one another then, by Art. 
149, it is a tangent to the circle. 

The straight line y — 'itix + c is therefore a tangent to the 
circle if 

C- a + 774 ', 

\ 

i.e. the equation to any tangent to the circle is 

y = mx + a (1). 

Since the radical on the right hand may Iiave the + or — 
sign prefixed we sec that corresponding to any value of in 
there are two tangents. They are marked 1 1 and 1 V in 
the figure of Art. 153. 


156 . The above result may also be deduced from the equation 
(3) otl^rt. l!)Of which may be written 


|/= - JC+ 

u y 


■(!)• 


Put m, 80 that os'— -wiy', and the relation gives 


y 

Tlie equation (1) then becomes 
y -mx \ 

This is therefore the tangent at the point whose coordinates are 

- via , a 
- and 


157 . If we assume that a tangent to a circle is always .perpen- 
dicular to the radius vector to the point of contact, the result of 
Art. Ifiopaay be obtained in,another manner. 

For a tangent is a line whose perpendicular distance from the 
centre is equal to the radius. 
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The straight liue y-=~nix + cyfiM therefore touch the circle if the 
perpendicular on it from the origin bo equal to a, ir. if 

i.c. if r— a\/lf/w-. 

This luetliod is not however applicable to any other curve bebides the 
cii-clc. 

158. Bz. Find the eqaatiom to iitc tantjeuts to tiui cit clc 
St® 4y = 12 
which are parallel to the straight line 

4j:+ 3y +5=0. 

Any straight line parallel to the given ouo is 

4jr+Hy + C=0 (1). 

The equation to the circle is 

(.c-H)«+(y + 2)^=.r>*. 

The straight line (1), if it be a tangent, must he therefore bucli 
that its distance from the* point (3, - 2) is equal to i. 5. 

Hence (Art. 75). 

^/4»+3=> 

SO that - 0±25 = 1W or - 31. 

The required tangents are therefore 

4jJ4-3y + 19 = 0 and 4j; + 3y 31 — 0. 

159. NomLal. Def. The nornial at any point P of 
a curve is the straight line which 2 )aK.ses through P and U 
perpendicular to the tangent at P, 

To find the equation to the wmud at the point (u/, y*) of 
(1) the circle 

iC’ + 

and (2) the circle 

a;® -i- tf I- 2^05 I- %fy -i- c - 0. 

(1) The tangent at (jc\ y') is 

XX* = a®, 
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The equation to the straiglit line paeaing through {x, y) 
(lerpendicular to this tiuigent is • 


y~y' — 


y 

m — 

X 


I'lie required equation is ilierefore 


(Ai-t. 69), 


V y- 

This straight line passes througli the centre of the circle 
which is the point (0, C>). 

If wo assume the ordinary geometrical propositions the 
equation is at once written down, since the normal is the 
straight lino joining (0, 0) to (o', y'), 

(*i) Tlie equation to the langent at (x\ y) to the circle 
• r/’* I y- \ 2tji- \ 2/y + c 0 

i, y (Art. l.r.l.) 

The equation to the straight line, pal^sing through the 
point (x\ y*) and perpendicular to this tangent, is 

y-y - w (ac - a?'), 


\ li^f) 


(Art. 69), 


The equation to the normal is therefore 

y (•»•■' + y) - » {fi +./) + /*•' - y.v' -• 0. 


I.C. 
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EXAMPLES. XVm. 


Write down the equation of the tangent to the circle 

1, a;*+y*- 3x+10y = 15 at the point (4, - 11). 

2, 4®2 + 4^a _ iGa: + 24y 117 at the point ( - 4, - V ) 
Find the equations to the tangents to the circle 


3. l-^^=4 which are parallel to the line + 3=0. 

4. x^+y^+%ix-\-1^y+\=0 which are parallel to the line 

^ aj+2y-6=0. ^ 

5. P^ye that the straight line touches the circle 

x^+y^-^fifhnd. find its point of contact. . /in 

\ '6. Find the condition ^that the straight line'ca:-62/ + 6*=0 may 
touch the circle x* + y^=ax+liy and find the point of contact. 


7. Find whether the straight line x + = 2 + jiJ^^touches the circle 
. ®*+w*-2a?-2i/ + l=0. 

Puid tha. oonditioB that the straight line 8ar+4y=h may 
touch the circle x^ + y'^—lOx. 

\ 9. Find the value of p so that the straight line 
arcoB a+pBina-p=-0 

^may touch the circle f 

a!®+y* - 2aa; cos a ~ 26y sin a - a® sm* tt = 0. 




10. Pind the condition that the straight line Ax+Ry -f C—0 may 
touch the circle 

• (x-aj*+(y-5)>=c». 

11. Find the equation to the tangent to the circle x^ hy''='a’^ 
which 


(i) is parallel to the straight line y = wx + c, ' ' ’ 

(ii) is perpendicular to the straight line y^mx+c, » 

> (iii) passes through the point (6, 0)| 

V|knd (iv) makes with the axes a triangle whose area is a^. ** * 

12* Piod length of the chord joining the points in which the 
strai^t line 


meets the circle x* +^= r*. 

13, Find the equation to the circles which pass through the origin 
and cut oft equal chords a from the straight lines y = x and y = ~ x. 
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14. Find the equation to the straight lines joining the origin to 

the points in which the straight line + e cuts the eirde 

x*+i^®=2aa; + 26y. 

Hence find the condition that these points may subtend a right 
angle at the origin. 

Find also the condition that the straight line may touch the 
circle. 

Find the equation to the circle tirhich 

15. has its centre at the point (3, 4) and touches the straight line 

6x + 12y = l. 

16. touches the axes of coordinates and also the line 



the centre being in the positive^ quadrant. 



18. Find the general equation of a circle referred to two perpen 
dicular tangents as axes. 


19, Find the equation to a circle of radius r which touches the 
axis of y at a point distant h from the origin, the centre of the drde 
being in the positive quadrant. 

Prove also that the equation to the other tangent which passes 
through the origin is 

• (r* - A*) a? + 2rhy - 0. 

20. Find the equation to the circle whose centre is at the point 
(a, j9| and which passes through the origin, and prove that the 
equation of the tangent at the origin is 

tuc+py=0. • 

21, Two circles are drawn through the points (<i, 5a) and (4u, a) 
to touch the axis of y. Prove that they intersect at an angle tan^^ V • 

22. A oirde passes through the points ( - 1, 1), (0, 6), and (5, 5). 
Find the points on this oirde the tangents at which are parallel to the 
straight line joining the origin to its centre. 

160 . To aJiew that from arvy point there can he dramn 
two tangents^ real or imagiAfwry^ to a circle. 

Let the equation to the circle be ac* + = a\ and let the 

given point be (a^j, y^, [Fig. Art. 161.] 

The equation to any tangent is, by Art. 155, 
y = »*ae + aj\+ m\ 
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If this puss through the given point (x,, j^,) we lia\e 

, y, I a^l ^ (!)• 

Tliis is tlie efiuation which gives tlie values of 7/1 corre- 
sponding to the tangents which pass through (sr^, y,). 

Now (1) gi\es 

4 

i.e, — 2r/Mrjyi + rin?j^ — or 1 a-m®, 

t.e. (j*i® — a*) — 2 »/aa!j 2 /, i yf «®=:0 . ... (2). 

The equation (2) is a quadratic equation and gives 
therefore two values of m (real, coincident, or imaginary) 
corresponding to any given values of and yj. For eacJi 
of these values of m we have a corresponding tangent. 

The roots of (2) are, hy Art. 1, real, coincident c»r 
imaginary according as 

^ (Vi' po^'itive, zeio, or negative, 

t.c, according as 

( - a* 4 1 ?/,*) ib pobitiv e, zero, or negati^ e, 

i.c. according as a:,® -l yi®^ a®. 

Tf a*,- + yj* the distance of the point (j’,, y,)*from 
the centra is greater than tlie radius and lienee it lies outside 
the circle. 

Tf 0 * 1 ’* + tli6 point (.r,, y^) lies on the circle and 

the two eoiiicident tangents become the tangent at (u;, , y,). 

If a*j® + yj® < a®, the point (ojj, y^) lies within the circle, 
and no tangents can then be geometrically drawn to the 
circle. It is however lietter to say that the tangents are 
imaginary 

161. Chord of Contact. Def. Tf from any point 
T without a circle two tangents TP and TQ be drawn to 
the cirale, the straight line PQ joining the points of 
contact is calletl the chord of contact of tangents from T. 

To faul the equation of the chord of contact of lanye^Ua 
drawn to the circle a^® + y®-a® from the ext&rwd point 
(•^i. yi)- 
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Let T be the point (a:,, y,), and P and the i>oiuts 
(» , y') and (a", y") respectively. 

The tangent at P is 

xx' yy* = ( 1 ). 

and tliat at Q is 

XX*' + yy* • «* (2). 

^iince tliese tangents pass through 
1\ its coordinates , y,) must satisfy 
botJi (1) and (2). 


Ifenoo x^x* 4- y,y' ■ a® (3), 

•v 

and f y,y" -.-a- (4). 

'rh(‘ <H|iiatioii to PQ is then 

xxj + yyjsa* (.^). 


"For, since (3) is true, it follows that tlie point {x*y ?/), 
i,f, Py lies on (5), • 

Also, since (4) is true, it follows that the point (x*", y"), 
i.e. Qy lies on (J)). 

■Hence both P and Q lie 'ju the straight line (3), i.e, 
(5) is the equation to the required cliord of contact. 

Tf the point (.Vi, y,) lie within the circle the argument 
of the preceding aHicle will shew that the line Joining the 
(imaginary) points of contact of the two (imaginary) 
tangents drawn from (.rj, yj) is xx^’\- yy^ - a-. 

Wo thus see, since this line is always real, that we may 
have a real .straight line joining the imaginary points of 
wmtact of two imaginary tengents. 

162 . Pole and Polar. Def. If through a pf>int 
P (within or without a circle) there be drawn any straiglit 
line to meet the circle in Q and Py the locus of the point of 
intersection of the tangents at Q and R is called the polar 
of P ; also P is culled the pole of the polar. 

Tn the next article the locus will bo proved to be a 
straight line. 
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163 . 2^0 find the equation to the •polar of the point 

(®i» yi) "tjoith reepect to the circle a:*+ 3 /* = a®. 




Let QR he any chord drawiT through P and let the 
tangents at Q and R meet in the point T wliose coordinates 
are (A, A;). 

Hence QR is the chord of contact of tangents drawn 
from the point (A, k) and therefore, by Art. 161, its 
equation is (cA + t/A = 

Since this line passes through the point (.r,, y,) we 
have 

a-jA + yi.A = a® (1). 

Since the relation ( I ) is true it follows that ' the 
variable point (A, k) always lies on the straight line whose 
equation is 

, x*i+yyi = a2 (2). 

Hence (2) is the polar of the point (jr^, yj). 

In a similar manner it may l>e proved tJiat the polar of 

2/i) ^ith respect to the circle 

+ y* + 2^gx + 2fy + o = 0 

is xx^ + yyj + iT (a? + ^i) +/(y + yi) + c ^ 0. 

164 . The equation (2) of the preceding article is the 
same as equation (6) of Art. 161. If, therefore, the point 
(^19 yi) ^ without the circle, as in the right-hand figure, 
the polar is the same as the chord of contact of the real 
tangents drawn through (xj, y^). 

If the point (a?i, yj) be on the circle, the polar coincides 
with the tangent at it. (Art. 150.) 
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If the point (rci, y^) he within the circle, then, as in 
Art. 161 , the equation (2) is the line joining the (imagUiary) 
points of contact of the two (imaginary) tangents that can 
be drawn from (iCi, y,). 

We see therefore tliat the polar might have been 
defined as follows : 

The ])olar of a given point is the straight line which 
passes through the (real or imaginary) points of contact of 
tangents drawn from the given point ; also the pole of any 
straight line is the point of intersection of tangents at the 
points (real or imaginary) in which this straight line meets 
the circle. 


165. Geometriccd ctynatruction for the polar of a point. 
The equation to which is the line joining (0, 0) to 
(* 1 , y,), is 



" Also the polar of P is 

a»i + = (2). 

By Art. 69, the lines (1) and (2) are perpendicular to 
one another. Hence OF is perpendicular to the polar 
of P. 

Also the length OF 



140 COORDINATK GEOMETRY, 

and the perpendicular, OiY, from 0 upon (2) 

Hence the product ON" , 

The polar of any point P is therefore constructed thus : 
Join OP and on it (produced if necessary) take a point X 
such that the rectangle ON , OP is equal to the square of 
the. radius of the circle. 

Tlirough JYdraw the straight line LTJ pei*pendicular to 
OP\ this is the polar required. 

[It v^ill be noted that the middle point N of any chord JJ/ lies on 
the line joining the centre to the pole of the chord.] 

166 « To Jind ike pole of a given Hue with reepeet to 
any circle, 

[jet tlie equation to the given line lie 

+ % + ( 1 ). 

(1) Let the equation to the cii*ele be 
cr® + y* a®, 

and let the requiretl pole be (a;,, y^). 

Then (1) must be the equation to the polar of (arj, y,), 
i.e. it is the same as the equation 

* + 0 ( 2 ). 

Comparing equations (1) and (2), we liave 

.-a" 

A ^Tt' C ’ 

so that a’ and 3/i ” ~ ^ «'• 

'rhe required pole is therefore the point 



(2) Let the equation to the circle lie 
0 !* + y* 4- 2gx + 2yy + c -0. 
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(•^n Vi) required pole, then (1) Jiiuhl Ik? 

equivalent to the equation ^ 

+ yVi + 9 C« + -^i) + yi) + C 0, (Art. 103), 

Le, X + y) + y (yi +/) + y^i +/yi + c 0 (3). 

Comparing (1) with (3), we therefore have 

y _ yi +/ y-^1 +/yi + c 
A B " a ~ ■ 

By solving those equations we have tlie values of a’j 
and yi. 

Bx. Find the pole of the straight line 

9j-+y-28-0 (1) 

with respect to the circle 

2x^+2if-‘^x + 5g- 7 -0 (‘ 2 ). 

If (•^j« Ui) iliG required point the lino (1) must coincide with tlio 
polar of (jTi , Pj), whoso equation is 

2a:xi + 2yy, -2(a:+a-i)H '7-0, 

t . r. X (4xi - 8) + y (4^1 + 6) - 3*1 + 5^4 - 14 -a 0 (8). 

Hince (L) and (8) are the same, we have 

•• 4x, > 8 4//, + 5 -3Tj + 5y, - 11 

'9“^‘'l ~ ' -28 • • 

Hence Xj _ + 12, 

anti 8x^ - inpi = 120 . , 

Solving these equations we have .rj=-3 and iji ■ I, so that the 
required point is (3, - 1). 

167* //* the polar of a point I* inisa thronyh a point 1\ 

then the jmlar of T thremyK P, 

Jjet P and T bo the points (u?i, y,) and (.»:«, y«) n*- 
sijectivcly. (Ij'ig* Art. 163.) 

The polar of {x^ y,) with respect to the circle 

+ y* = a* is 

xoa^ + yyi^aK 

This straight line passes through the point F if 
«ta5i + yjyi-a* 


( 1 ). 
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Binco the I'elation (1) is true it follows that the point 
(•^9 y{)> ^9 on the straight line asu^ + ~ which 

is the polar of (a^, ya), i,e. 2\ with respect to the circle. 

Hence the proposition. 

Cor. The intersection, of the polars of two points, 
P and Qy is the pole of the line PQ, 

168 . To find the length of the tayigent that can he 
dratvii from the 2 *oint (aPi, y^) to the circles 
(1) ai= + y*=-a2, 

and (2) + y® + 2gx + 2/y + c = 0. 

If I' be ail external point (Fig. Art. 163), 'PQ a Uiiigent 
and 0 the centre of the circle, then TQO is a right angle 
and hence 

TQ^^OT^^Oq\ 

( 1 ) If the equation to- the circle be a;® y® - a®, 0 is the 

origin, OT"^ - + yj®, and 0<2® = a®, 

Hence TQ^ = acj* -f y^® — a®. 

(2) Let the equation to the circle be 

5C® + y® -f %gx + 2/g + c = 0, 

i.e, (^ + y)® + (y +/)* = y*+/*-c. • 

In this case 0 is the point (- yi -/) and 
0^® = (radius)* = y® -i-/® — c. 

Hence OT^ -= [x^ - (- y)]® + [yi - ( -/)1® (Art. 20). 

Tlierpfor<5 - (iCi + fff + (yi H-/)® ~ (y® +/® c) 

- + Fi® + 2y^i + 2yyi + c. 

In eacli case we see thst (the equation to the circle 
being written so that tlie coefficients of a*® and y® are each 
unity, and the right-hand member zero), the square of the 
length of the tangent drawn to the circle from the point 
(»i» Fi) is obtained by substituting a:, and y^ ^or x and y 
in the left-hand meml^r of the equation. 

* 169 . To find the eqtMtian to the pa/ir of tangents that 
can he drawn from the point (acj, to Hw circle sc* + y* = a*. 
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Let (h, k) 1)6 any point on eitkev of the tangente fruu) 
(»». J/i)- » 

Since any straight line touches a circle if the perpen- 
dicular on it from the centre is equal to the radius, the 
perpendicular from tiie origin upon the line joining (aij, y^) 
to (A, k) must be equal to a, 

Tlie equation to the straight line joiixing these two 
points is 


■ie. y {h - Xi) — 05 (A — yi) + kx^ — - 0. 

Hence , 

J(h-Xif+(k-y^y 

SO that (kjCi -- ky^y -- a® [(4 — x^y + (4 - * yi)“*J. 

Therefore the point (4, k) always lies on the locus 

{xty -xyiY - a’ [(* - Xyf + {y-yiY] (1). 

'J’his therefore is the required equation. 

Tlie equation (1) may he written in tlie form 


(Vi - «“) + y (*i* - «’) - «’ (a'l* + Vi) 

** =2x!/Xii/i 

t. 6 . {jf + f- a‘) (*,’ + 2/1* ^ a‘) = ufXi’ + fy^ + + 'Ixyj^^i 

- 2n*xXi - 2a’^, = {xxi + yy, - (2). 

t 

# 170. In a later chapter we shall obtain the equation to the pair 
of tangents to any curve of the second degree in a form analogous 
to that of equation (2) of the previous article. 

Similarly the equation to the pair of tangents that can be 
drawn from h> the circle 

(x-fY+iy-eY^a* 

is • l(^-/)*+(y-ff)=-a*}{(«j-/)*+(Fi-»)=‘-«=} 

= {(•* -/) (»1 -f)+(y-!l) (Fi -9) - «*!’ (!)• 

If the equation to the oirole be given in the form 
ie*+y*+2y®+2^+c=0 
the equation to the tangents is, aimilarly, 

(js* + F* + 2jMf + yy + c) (*1*+ y,*+ 2g*i + + «) 

t =[**i+m+F («+*i)+/(y+Fi)+e? (2)* 
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EXAMPLES. XIX. 

Find the polar of the point 

1. (If 2) with respect to the circle js'^ -i- 

2. (4i - 1) with respect to the circle 2x^ + 2y^ss 11. 

3. ( - with respect to the circle 

af‘i + - 4 jj - % + 5- 0. 

4* (^1 ~ i) with respect to the circle 

8«2+3ya-7a; + 8y-'J=0. 

5, (a, - h) with respect to the circle 

ae* + y- + 2a x - 2by + a® - h- = 0. 

Find the pole of the straight line 

6, a; + % = 1 with respect to the circle x'^ + 5. 

7, 2j? - p = 6 with respect to the circle + op® = D. 

8, 2j; + p + 12 ~ 0 with respect to the circle 

x^+p®- 4x+3p- IsiO. 

9, 48jb - 54p + 53 = 0 with respect to the circle 

8a:® +• 3p® + 5.C - 7p 4* 2 = 0. 

/lO. + 3tt® + 85® = 0 with respect to the circle 

af® + p® + 2(«: + 25p = a* + 5®. 

Tangents are drawn to the circle a;®-|-p®— 12 at the pt^inifi 
where it is met by the circle a;* + p* - Sa: + 8p - 2= 0 ; lind the point of 
intersection of these tangents. 

l^2t the equation to that chord of the circle x® + p®=81 which 

IS bisected at the poiqt ( - 2, 3), and its pole with respect to the circ'r. 

4 13. Prove that the pulars of the point (1, - 2) with respect to tlie 
circles whose equations .are 

®*+P* + 6p + 6=0 and a:* + p®+2a: + 8p + 6=0 
coincide ; prove also that there is another point the polars of which 
with respect to these circles are the same and find its coordinates. 

14, Find the condition that the chord of contact of tangents from 
tlie point (.r'f p') to the circle a;®+p®~a® should subtend a right angle 
at the centre. 

15. Prove that tlie distances of two points, P and each from 
the polar of the other with respect to a circle, are to one another 
as the distances of the points from the centre of the circle. 

« 16. ProYc that the polar of a given point with respeet to any one 
of the circles «®+p®-’2lb;4-c®=:0, vdiere k is variable, always passes 
throned a fixed point, whatever he the value of k, 4 
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17. Tangents are drawn from the point [h, Ac) to the circle 
prove that the area of the triangle formed by them 
and the straight line joining their points of contact is *. 

a{h*+l^-a^} 

/<»+*» 

Find the lengths of the tangents drawn 

% 18. to the circle 3 from the point { 2,3). 

19, to the circle 8 jb* + - 7jc - 6y = 12 from the point (6, - 7). 

• 20. to the circle + y® + 2bx - 3A»® =0 from the point 

{a 1-6, fl-6). 

21. Given the three circles 

+ - 0 , 

8aa+8!(»- 36 j:+81=0, 

and j:- -I- y® - 16a; - 12y -1-84 = 0, 

find (1) the point from which the tangents to them are equal in 
l^gth, and (2) this length. 

^ 22. The distances from the origin of tlie centres of three circles 
~2Xas=C‘‘ (where c is a constant *aud X a variable) are in 
geometrical progression ; prove that the lengths of the tangents drawn 
to them from any point on the circle a;®+y^=:c®are also in geometrical 
progression. 

w • 20. Find the equation to the iNiir of tangents drawn 
« (1) from the point (11, 3) to the circle 

(2) from tlie point (4, 5) to the circle 

2r- + 2y * - 8a: + 12y + 21 = 0. 

171. To find tlie general eqnalimi of a circle referred 
to polar coordinates. 

Let 0 bo the origin, or pole, OJT^the initial line, G the 
centre iiiid a the radius of tlie 
circle. 

•Let the polar coordinates of C 
be jR and a, so that OC and 
iXOC-^a. 

Let a radius vector through 0 
at an angle 6 with the initial line 
out the oirole in P and Q. Let 
OP, or 0(?, be r. 



X 
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Tlieii {Trig, Art. 164) we have 
^ CP^ = OC* + OP- - WC . OP cos COP, 
i.e. a® = J?® -h r® - 2Pr cos (0 - a), 

inC, r®-2J2rcos (d — a) +i?® — a® = 0 ( 1 ). 

This is the required polar equation. 

179 . Particular cates of the general equation inpolar coordinates, 

(1) Let the initial line be taken to go through the centre C, Then 
a=0, and the equation becomes 

r®-2i2roo8^+R®-a==0. 

(2) Let the pole 0 be taken on the circle, so that 

11 = 00= a, 

Tlie general equation then becomes 

r*-2ar cos (^-a)^0, 

i.e, r=s2aoos(^- a). 

(3) Let the pule be on the circle and also let the initial line pass 
through the centre of the circle. In this case 

asO, and ,R=a» 

The general equation reduces theu to the 
simple form r=:2aooBd. 

This is at once evident from the figure. 0 

For, if OCA be a diameter, we have 
OP=OA cos 0, 
i.e. r=:2aoos$. 

173. The equation (1) of Art. 171 is a quadratic 
equation which, for any given value of $, gives two 
values of r, Tliese two values in the figure are OP and 
OQ. 

If ilicse two values be called and y*,,, we have, from 
equation (1), 

?*irj - product of the roots ~ if* — a®, 

i.e. OP,OQ^R^--a\ 

The value of the rect&gle OP . OQ is therefore the 
same for all value's of $. It follows that if we drew any 
other line through 0 to cut the circle in P^ and we 

should have OP.OQ^ OP^ . OQ^. 

This is the well-known geometrical propomtion. 
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174 . Find the equation to the chord joining the points on the circle 
r=^2a cos 0 whose vectorial angles are 0^ and 0^^ and deduce the equation 
to the tangent at the point 0i . 

The eqaation to anj straight line in polar coordinates is (Art. 88) 
p=roos(d-a) (1). 

If this pass through the points (2a cos 0j) and {2aeo80s, ^2)* 
have 

2rt cos dj cos (01 - a) = 2a cos con (0.^- a) (2), 

Hence cos (2dj - a) + cos a = cos (2^2 - (^) + 
i,e. 2^^ - a = - (2^3 - a) , 

since and 0^ are not, in general, equal. 

Hence + 

and then, from (2), p.= 2a cos ^^cos 0.^. 

On substitution in (1), the equation to the rciiuired chord is 

r cos (d “ dj - 6^2^ = 2a cos 008 ^2 (3). 

The eiiuation to the tangent at the point 0j is found, as in 
Art. 150, by putting 02-^1 in equation (3). 

We thus obtain as the equation to the tangent 
r cos id - 2^1) -= 2tt cos® 01 . 

As in the foregoing article it could be shewn that the equation to 
the chord joining the points and ^3 on the circle r=:2aoos (0 ~ 7) is 
,, r OOH [0 - Oj 0 ., + y] = 2 a cos (dj - 7) cos - 7) 

and hvneo that tho equation to tho tangent at the point 0 ^ is 
r cos {0 - 20 ^ + 7) = 2a cos® ( 0 ^ - 7). 


EXAMPLES. XX. 


1, Pind the coordinates of the centre of the circle 

r=iA cos d + H sill 0 , 

2, b'ind the polar equation of a circle, the initial line being a 
tangent. What does it become if the origin be on the circumference? 

3, Draw the loci 

(1) r=a; (2) r=a sin d; (3) r=a cos d; (4) r^asecd; 

(5) r=aoos(^-a)j (6) r=aBec(d-a). 

4, Prove that the equations r=aoos(d-a) and r=b8in(d-a) 
represent two eirdes which cut at right angles. 

5, Prove that the equation r® oos d - ar qos 2d ~ 2a® cos 0 siO 
represents a straight line and a clxele. 
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6. Find the polar equation to the circle described on the straight 
line ][oining the points (a, c.) and (6, p) as diameter. 

7. Prove that the equation to the circle described on the siraight 
line joining the points (1, 60°) and (2, 30°) as diameter is 

r= - r [COB ( d - 60°) + 2 cos (d - 30°) ] + = 0. 

8. Find the oondition that the straight line 

1 - r • ^ 

-sacos d-{-0Bin9 

may touch the circle r = 2c cos $, 

175. Tojind the general eqtuUwn to a circle referred In 
oblique axes which meet at an angle o. 

Let C be the centre and a the radius uf the circle. Let 
tlie coordinates of (7 bo (A, k) so 
that if CM^ drawn parallel to the 
axis of meets OX in then 

OM-^h and MO ^k. 

Let P be any point on the 
circle whose coordinates are x and 
;/. Draw PJT, the ordinate of P, 
and GL parallel to OX to meet 
PN in Z, 

Then CL - MN-^ OX-^ OM - - h, 
and LP^NP--NL-^NP ^MC-y- k. 

Also i CLP ^ L ONP = 180* - PNX =. 1 80^ o». 

Hence, since CZ* + ZP* — 2(7Z . LP cos CLP - dr^ 
we have (z-h)>+ (7-k)> + 8 (x-h) (y-k) coscusa^, 
i.e. ar + y® + 2»y cos a> - 2u; (/* + k cos w) - 2y (k + h cos o;) 

+ A® + A® + 2AA cos M - a®. 

The required equation is therefore found. 

176. As in Art. 142 it may bo shewn that the 
equation 

a:*+ 2a!^cos w + y® + 2gX’¥%fy ^-c 0 

represents a circle and its radius and centre found. 
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Bx. If Hie axfe he inclined at 60°, prove that the eqmtion 

x^+xtj+y^-ix-5y -2=0 < 1 ) 

represents a circle and find its centre and radius. 

If or be equal to 60°, so that oos(tf=J, the equation of Art. 175 
becomes 

«* + ari/ + y* - as (2/t + i) - y (2^ + ;i) + /t* + + /* ft = rt® . 


This equation agrees with (1) if 

2;i + ft = 4 (2), 

2ft + ft-^5 (.S), 

and fta + ft* + ftft-a®= -2 (4). 


Solving (2) and (8), we have ft = l and ft =2. Equation (4) then 
givt^ 

a3^;t®4-fc* + ftfc + 2=:9, 
so that ^a=3. 

The equation (1) therefore represents a circle whose centre is the 
point (I, 2) and whose radius is 3, the axes being inclined at 60°. 


EXAMPLES. XXL 

Find the inclinations of the axes so th&t the following equations 
may represent circles, and in each case find the radius and centre ; 

1. *• - xy -i ?/*- 2^^* - 2/y =0. 

2. + f y®- 4.r - 6y + 5=0. 

•• 

3. The axes being inchned at an angle u, find the centre and 
radius of the circle 

X- + 2xy cos w + y® - 2yaf - 2/y = 0. 

4. The axes being inclined at 45°, find the equation to tlie circle 
whose centre is the point (2, 3) and whose radius is 4. 

5. The axes being inclined at 60°, find the equation to the circle 
whose centre is the point ( - 3, - 5) and whose radius is 6. 

6. Prove that the equation to a circle whose radius is a and 
which touches the axes of coordinates, which are inclined at an angle 

ill, U 

* a**+2acycosw + y* -2a (T+y)cot^+«®cot*^=0. 

7. Prove that the straight line y=vix will touch the circle 

ff* +5toy COB la + y^+2gx + 2/y + c=0 
i f (y +/in)*=c (1 + 2m cos w + m*). 

8. The axes being inclined at an angle w, find the equation to the 
circle whose diameter is the straight lino Joining the points 

(y, y') and {x\ y'% 
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Coordinates of a point on a circle expressed in 
terms of one single variable. 

177- If, in the figure of Art. 139, we put the angle 
MOF equal to a, the coordinates of the point P are easily 
seen to be a cos a and a sin a! 

Tliese equations clearly satisfy equation (1) of that 
article. 

The position of the point F is therefore known when 
the value of a is given, and it may be, for brevity, called 
“ the point 

With the ordinary Cartesian coordinates we have to 
give the values of two separate quantities x and y' (which 
are however connected by the relation a' = to 

express the position of a point F on the circle. The 
above substitution therefore often simplifies solutions of 
problems. 

178. To find the eqwitloii to th^ straight line joining 
two points, a and p, on the circle a:* + 

Let the points be P and Q, and let ON be the perpen- 
dicular from the origin on the straight line PQ ; then ON 
bisects the angle POQ, and hence 

i XON- \ ( z XOP + z X0Q)-\ (a + /3). 

Also ON- OP cos NOP- a cos % ^ . 

I n 

The equation to PQ is therefore (Art. 5.*!), 

a + )8 , a + B a — B 

ac cos — + y sin — = a cos ' . 

A Z Ji 

If we put P=^a Yfe have, as the equation to the tangent 
at the point a, 

X cos a + y sin a = a. 

This may also be deduced from the equation of Art. 150 
by putting x - a cos a and sin a. 

179. If the equation to the circle be in the more 
general form 

(x - ;*)• + (y - *)• -. a*, (Art. 140), 
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v^e may express the coordinates of P in the form 
(A + a cos a, A i a sin a). 

For these values satisfy the above equation. 

Here a is the angle LCP [Fig. Art. 140]. 

The equation to the straight line joining the points a and 
/3 i'an be easily shewn to be 

. a + p . + a-/? 

(.r — A) cos — ^ + (// — k) Mn ~ ^ a cos ^ , 

and so the tangent at the point a is 

(.r — A) cos a ^ — A) sin a - a. 


*180. Common tangents to two circles. If 0, 

and Oj be the centres of two circles whose radii are rj and 
and if one pair of common tangents meet 0^0^ in 
and tlio other pair meet it in Tg, then, by similar triangles, 

we have , The points and 1\ therefore 

divide 0 ^ 0 .^ in the ratio of the radii. 

The coordinates of 7^ having l)cen found, the corre- 
sponding tangents are straight lines passing through it, 
such that the perpendiculars on them €rom 0, are each 
equal to r^. So for the other pair which piss through 

Bx. Find the four common tangents to the circles 
a;®+y®-22a: »-4y + 100=0, and a;* + y*+22j?-4y - 100=0. 

The equations may be written 

(a;-ll)a.|-(y + 2)*=6«. and (a: + ll)*+ (y - 2)*=16a 

The centre of the first is the point (11, - 2) and its radius is 5. 

The centre of the second is the point ( — 11, 2) and its radius is 15. 

Then is the point dividing internally the line joining the centres 
in the ratio 6 : 15 and hence (Art. 22) its coordinates are 

15xll + 5x(-ll) , 15x(-2)-^6x2 

W + 6- 1345-* 

that is, 1\ is the point (Vi ~ 1)* 
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Similarlv Ti is the point dividing thib line externally in the ratio 
5 ; and nence its coordinates are 

16xll-6x(-ll) . 16 X (-2) -5x2 

16-5 ■ 16-6 

that is, Ti is the point (22, - 4). 

Let the equation to either of the tangents passing through Tq be 

y + l = m{x- V-) (1). 

Then the perpendicular from the point (11, - 2) on it is equal to 
•k 6, and hence 

+ ^ 5 

On solving, wo liave m= - or 4 . 


The required tangents through T,^ are therefore 
24as + 7y * 126, and 4* - % 25. 

Similarly the equations to the tangents through are 

y + 4=m(aJ-22) (2), 

where -2 + 4)^ ^ ^ 

V'l + TO* 

On solving, we have or > f . 

On substitution in (2), the required equations are therefore 
7ar - 24|/ -250 and 3x + 4y=^ 50. 

The four common tangents are therefore found. 


181 - We sliall conclude ihi.s chapter with some mis- 
cellaneous exuinpies on loci. 

Bx. 1. Find the loetu of a point P which movea ao that ita distance 
from a given p^nt O ia alwaya in a given ratio {n : 1) to ita distance 
from another given point A. 

Take O as origin and the direction of OA as the axis of x. Let 
the distance OA be a, so that A is the point (a, 0). 

If (d*, y) be the coordinates of any position of P we have 
OP^^n^,AP», 

i.e, a;*+y®=n*[(ic-a)*+p*], 

i. e, (j?* + y*) (n* - 1) - 2an*x + n*a*= 0 (1). 

Hence, by Art. 143, the locus of P is a circle. 

Let this circle meet the axis of x in the points C and 2). Then OG 
and OX> are the roots of the equation obtained by putting y equal to 
aero in (1). 

OCrz and OD=- . 
a + I a - 1 


Hence 
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We therefore have 


Hence 


= and AD- 
M + 1 n - 

OC _0D 

CA ■ 


The pointa C and D therefore divide the line OA in the given ratio^ 
and the required circle is on CD as diameter. 


Bz. 2. From any point on one given circle tangents are drawn to 
anotlier given circle; prove that the locus of the middle point of the 
chord of contact U a third circle. 

Take the centre of the first circle as origin and let the axis of nc 
pass through the centre of the second circle. Their equations are 


then 

( 1 ), 

and (.T - (2), 


where a and h are the radii, and g the distance between the centres, of 
the circles. 


Any point on (1) is (a Cos a sin 0) where 0 is variable. Its chord 
of contact with respect to (2) is 

(aj-c)(<icoa(?*-r)+ya vn^=r6^ (3). 

The middle point of this chord of contact is the point where It is 
met by the perpendicular from the centre, viz, the point (c, 0). 

The equation to this perpendicular is (Art. 70) 


*» - (j:-c)asin^ + (acos^ -r)y=:0 (4), 

Any equation deduced from (3) and (4) is satisfied by the ooordi> 
nates of the point under consideration. It we eliminate from them, 
we shall have an equation always satisfied by the coordinates of the 
point, whatever he the value of $, The result will thus be the equation 
to the required locus. 

Solving (3) and (4), we have 

ti sin ^ — r, - , X., » 

y^ + {ir-cy 


and 


i#* (j- c) 

ricos(7 -<•— 


n cosd*-r + 


sn that 
Hence 

o® = a* cos* d + O' sin® ^ — c* + 2c6® 
The required locus is therefore 


t»® ( j* - c) 


y®+(jr-c)®‘ 


y- + (x - r)- 3/®'+- (r~- c)® * 


h* 


(a* - c®) [y® + (x - c)®] = 2<?6® (jr - c) + h*. 

This is a circle and its centre and radius are easily found. 
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Bz, 8. Find the locus of a point P which is stick that its polar with 
respect to one circle touches a second circle. 

Taking the notation of the last article, the equations to the two 
circles are 


( 1 ). 

and (2). 

Let (/*, ^ir) be the coordinates of any position of P. Its polar with 
respect to (1) is 

xh-\ryh^a^ (3). 

Also any tangent to (2) has its equation of the form (Art. 179) 

(a:-c)oos^ + l/ ain^=& ,a .* (4). 

If then (3) be a tangent to (2) it must be of the form (4). 

— , , coad ain(? rcos^ + /) 

Therefore „ 

h k a® 


These equations give 

cos ^ (a* - eft) = and sin ^ (a* - e?t) = 6ft. 

Squaring and adding, we have 

(aa-eft)8=62(ft2+ft*) (6). 

The locns of the point (ft, ft) is therefore the curve 

6* (®® + y®) = (a* - ca-)®. * * 


AUter. The condition that (3) may touch (2) may be otherwise 
found. 

For, as in Art. 15^% the straight line (3) meets the circle (2) in the 
points whose abscissce are given by the equation 

ft®(a;-c)9+(a2-fta?)®=:62ft* 

1 . c, ar® (ft® + ft*) - 2x (eft® + a®ft) + (ft»c» +a*- 6»ft*) 0. 

The line (8) will therefore touch (2) if 

(<?fta+a»ft)®=(ft®+ft®) (ft*c*+ a*- 6®ft®). 
i,e. if 6®(ft®+ft®)=(cft-aT. 

which is equation (.5). 


Bz. 4. 0 is a fixed point and P any point on a given circle ; OP 
is joined and (ni it a point Q is taken so that OP, OQssa comtaut 
quantity prove that the locus of Q is a circle which becomes a 
straight line when 0 Ues on the original circle. 
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Let 0 be taken as pole and the line throng the centre C aa the 
initial line. Let OC=^d, and let the 
radius of the circle be a. 

The equation to the circle is then 

aa=r»+d-*-2r(ico8^, (Art. 171). o {d ^ 

where OP—r and t PQC=^e, 

Let OQ be p, so that, by the given 

condition, we have rp=k^ and hence »•=- . 

^ P 

Substituting this value in the equation to the circle, we have 

dP=z — coRd (1), 

9“ P 

BO that the equation to the locna of is 

r«-2 ,,--„rcos^?=- (2). 

dP - 0? - rt- ' ’ 

But the equation to a circle, whose radius is a' and whose centre is 
on the initial line at a distance d\ is 

r2 - 2rd' cos d ^ - d'* {H). 

Comparing (1) and (2), we see that tlieu required locus is a circle, 
such that 

d = Ti o - d^= - . 

- ri2 • //•* - a- 

Hence a «5 ' ^ J " (,p _ „ • 

The required locus is therefore a ciinle, of radius , whose 

li^d 

centre is on the same line as the original centre at a distance - 

. d^ - iP 

from the Axed point. 

When O lies on the original circle the distance d is equal to a, and 
the equation (1) becomes k’^^2drcoBB, f.e., in Cartesian coordinates, 


In this case the required locus is a straight line perpendicular 
to OC. 

When a second curve is obtained from a given curve by the above 
geometrical process, the second curve is said to be the Inwerae of the 
first curve and the fixed point O is called the centre of inversion. 

The inverse of a circle is therefore a circle or a straight line 
according as the centre of inversion is not, or is, on the circumference 
of the original circle. 
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Bjc. 6. P(^ is a straight line drawn through 0, one of the common 
points of two circles f and meets them again in Pand Q; find the locus of 
the point S which bisects the line PQ. 

Take O as the origin, let the mlii of the two circles be and 

and let the lines joining their centres to 0 make angles a and a* with 

the initial line. 

The equations to the two circles are theiefore, {Art. 172 (2)}, 
r-=2J?co.s(<?“a), and r=27i‘'coB(<?-a'). 

Hence, if S be the middle point of PQ, we have 

20S r-. OP+OQ = 2R cos (0 - a) •\ 27?' cos (^ - a'). 

The locus of the point S is therefore 
r ■=■ J2 COR ($" a) + Ji' cos {6 - a') 

(72 cos a -I' It' cos a') cos $ + {H sin a h It' bin a') sin 0 

-^272" cos (d- a") (1). 

where 21t" cos a" — It cos a + It' cos a', 

and 272" si n a" = 72 sin a + 72' sin a\ 


Hfliicp Vrj+ir'+2ij/f'co8(o o'}, 


•and 


tana 


It sin a + .72' bln a' 
J2co8a-h/2' cos a'* 


From (1) the locus of S is a circle, whose radius is 72", which 
passes through the origin O and is such that the line joining 0 Co its 
centre is inclined at an angle a" to the initial lino. 


EXAMPLES. XXII. 

« 

1. A point moves so that the sum of the squares of its distances 
from the four sides of a square is constant ; prove that it always lies 
on a circle. 

2. A point moves so that the sum of the squares of the perpendi- 
culars let fall from it on the sides of an equilateral triangle is constant; 
prove that its locus is a circle. 

3. A point moves so that the sum of the squares of its distances 
from the angular points of a triangle is constant ; prove that its loons 
is a circle. 

4. Find the locus of a point which moves so that the square of 

the tangent drawn from it to the circle is equal to c times 

its distance from the straight line Ue+my+n-O. 

5. Find the locus of a point whose distance from a fixed point is 
in a constant ratio to the tangent drawn from it to a given circle. 
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6. Find tlje locus of the vertex of a triangle, given (1) its base and 
the Slim of the squares of its sides, (2) its base and the stun of m times 
the square of one side and n times the square of the other. • 

7. A point moves so tliat the sum of the squares of its distances 
from n fixed points is given. Prove that its locus is a circle. 

8. Wliatever be the value of a, prove that the locus of the inter* 
section of the straiglit lines 

ji;coaa + 2/Bina=a and .c sina-j^cosa— 

is a circle. 

9. From a point P on a circle perpendiculars iW and PN are 
drawn to two radii of the circle which are not at right angles ; find 
the loons of the middle point of MN, 

10. Tangents arc drawn to a circle from a point which always 
lies on a given line ; prove that the locus of the middle point of the 
chord of contact is another circle. 

11. Find the locus of the middlo points of chords of the circle 

which jiaoh through tho fixed point (h, k), 

12. Find the locus of tho middle points of chords of the circle 

which subtoiid a right angle at the point (c, 0). 

13. 0 is a fixed point and P any point on a fixed circle; on Of’ 
is taken a point Q such that OQ is in a constant ratio to OP ; prove 
tlrat tho locus of Q is a circle. 

0 is a fixed point and P any point on a given straight lino ; 
OP is joined and on it is taken a t>oint Q suclf that OP. OQssk"-; 
prove that the locus of i.e. the inverse of the given straight line 
with respect to 0, is a circle which passes through 0. 

15, One vertex of a triangle of given species^ is fixed, and another 
moves along tho circumference of a fixed circle ; prove that the locus 
of the remaining vertex is a circle and find its radius. 

16, 0 is any imint in tho plane of a circle, aud OP^V,^ any choid 
of the circle which passes through O and meets the circle in P, and 
P3. On this chord is taken a point Q such that OQ is equal to (1) the 
arithmetic, (2) the geometric, and (H) the harmonic mean between OP^ 
and "OP,; in each case find the equation to the locus of 

17, Find the locus of the point of inicrbectiuu of the tangent Lo 
a given circle and the perpendicular let fall on this tangent from a 
fixed point on the circle. 

la A circle touches the axis of a and cuts off a constant length 
21 from the axis of y; prove that the equation of the locus of its centre 
is y*-96^atff^ooaeo*cii, the axes being inclined at an angle w. 
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[Exb. 

19. A stroii;ht line moves so that the' pioduct oi the perpeuiU- 
enlais on it from two fixed points is constant. Prove that the loons 
of the feet of the perpendiealars from each of these points upon the 
straight line is a oirole, the same for each. 

20. O is a fixed point and AP and BQ are two fixed pari^lel 
straight lines; BOA is perpendicular to both and POQ is a right 
angle. Prove that the locus of the foot of the perpendicular drawn 
from O upon PQ is the circle on AB as diameter. 

21. Two rods, of lengths a and 5» slide along the axes, which are 
rectangular, in such a manner that their ends are always oonoyolic ; 
prove that the locus of tlie centre of the circle passing through these 
ends is the curve 4 ( j;® - y-) = a* - 6* 

22. Shew that the locus of a point, which is such that the 
tangents from it to^ two given concentric chclos arc inversely as the 
radii, is a concentric circle, the square of whose radius is equal to the 
sum of the squares of the radii of the given circles. 

23. Shew that if the length of the tangent from a point P to the 

circle be four times the length of the tangent from it to tho 

circle then P lies on the circle 

15«* + 16i(2-32aj; + a*=0. 

Prove also that these three circles pass through two points and that 
the distance between the centres of the first and third circles is 
sixteen times the distance between the centres of the second and 
third circles. 

24. ^ Find the locus of the foot of tho perpendicular let falf trom 
the origin uj^n any chord of the circle ac® + y- + 2yx + 2/^ I- c =0 which 
subtends a right angle at the origin. 

Find also the locus of the middle points of these chords. 

25. Through a iMied point O are drawn two straight lines 

and OE3 to meet a circle in P and Q, and JR and S, respectively. 
Tiove that the locus of the point of intersection of PS and QR^ as also 
that of the point of intersection of PR and QS, is the polar of 0 with 
respect to the circle. 

26. By Cy and D are four points in a Htraigbt line ; prove that 
the locus of a point P, such that the angles APB and CPD arc equal, 
is a circle. 

27. The polar of P with respect to the circle x^+y^=u^ touches 

the circle {x - 6* ; prove that its locus is the curve given 

by the equation {ax+Py- a*)*= o* («*+ y®). 

28. A tangent is drawn to the circle {x ~ a)® 4 y® = and a perpen- 
dicular tangent to the circle (a;-(-a)®+y®=c®; find the locus of their 
point of intersection, and prove that the bisector of the angle between 
them always tonphes one or other of two fixed circles. 
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29 . ftuy, circle prove that the perpendicular from any point of 
it on the line joining the points of contact of two tangents is a mean 
proportional between the perpendiculars from the point upon the, two 
tangents. 

30 . Prom any point on the circle 

.T® + y® + %T?+2/y i-c— 0 
tangents are drawn to the circle ^ 

X- 4- 2/^ *2gx + 2fy + c sin® a l- (//- -i /®) cos® a ~ 0 ; 
prove that the angle between them is 2a. 

31 . The angular points of a triangle are the points 

(a cos a, a sin a), (aooafi, asin^)} and (a cos 7, a sin 7); 
ptovo that the coordinates of the orthocentre of the triangle arc 
a (cos a + cos /3 + cos 7)^ and a (sin a + sin )8 + sin 7). 

Hence prove that if A, and J) bo four points on a circle the 
orthocentres of the four trian^es ABGf BCD^ CDA^ and DAB lie on 
a circle. 


32 . A variable circle passes through the point of intersection O 
of any two stiaight lines and cuts off from tjiem portions OB and OQ 
such that m,OP \n.OQ is equal to unity; prove that tlxis circle 
always passes through a fixed point. 

33. Find the length of the common chord of the circles, wliose 

equatipns are (as-fO' + y^ and 2/)- — and prove that the 

etxuatiuii to the circle whose diameter is this common chord is 

+ />*) (a;® + =2ci& (hx + ay), 

34. I’vovo that the length of the common chord of tlio two cii'clcs 

whose c<iuations are * 

H(y-6)-=c- and 

i. 

lienee find the condition that the two circles may touch. 

35. the length of the common chord of the circles 

j;- 1- y- - 2ax - day - da’*® = 0 and x- -| y- - .‘J«x + 4 c/y ai 0 . 

Find also the equations of the common tangents and shew that 
the length of each is 4 a. 

36 . Find the equations to the common tangents of the circles 
( 1 .) «*+y*- 2 aj- 6 y + 9=0 and a;*+y*+ 6 a;- 2 y + 1 = 0 , 

(2) ac?+y*=ic* and («— tt)®+y®s=i»2. 



CHAPTER IX. 

SYSTEMS OF CIUCLLS. 

(This chapter may be omitted by the student on a first 
reading of thc^ subject.] 

182 . Orthogonal Circles. Def. Twu circles are 
said to iiiterbcct orthogonally when 
the tangents at their points of 
intersection are at right angles. 

If the two circles intersect at 
I\ the mdii OjP and OoP, which 
are perpendicular to the tangents 
at 1\ must also bo at right angles. 

Hence + 

i,f*, the square of'^the distance between the centres must he 
equal to the sum of the s<|uares of the I'adii. 

Also the tangent from 0^ to the other circle is equal to 
the I'iulius a,, i.e. if two circles be orthogonal the length of 
the tJingent drawn from the centre of one circle to the 
second circle is equal to the radius of the first. 

Either of these two conditions will determine wJmther 
the circles are orthogonal. 

Tlie centres of the circles 

«*+y*+2<)f« + 2yy + c=0 and a;*+y®+2/a5 + ^'y + c'=0, 

are the points {-g, -f) and also the squares of their 

radii are fp-hf* - c and g^-¥/^ - c'. 
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Thc^ therefore out orthogonally if 

U- if + 

183. Radical Axis. Def. Tlic radical axis of 
two circles is the locus of a point which moves so that the 
lengths of tlie tangents drawn from it to the two circles are 
equal. 

Lot the equations to the circles be 

**?/ + + W 0 (1), 

and .r* + H- %jjX 2J]i/ + c\ 0 . . (’J), 

and let (.r,, //,) bo any poiift such that the tangents from it 
to these circles are equal. 

By Art. 168, we have 

‘Vi’+A'i’ I Vn + y }/! ' <-• •*•1’ I ' yu\ •- ■'1. 

i tf. Sxj (g - »/,) I- 2y, (/ -/,) c - 0, 

But this is the condition that tlio point (x^ y,) should 
lio on the locus 

2x{g 2y(/ /i> I c-<-, 0 (:j). 

This is therefore the c<piat.iou to tlie radical a.xis, and it 
ia clearly a straight line. 

It is easily seen that (he nKlical hkxk is perpendicular 
to the line joining the centres of the circles. For these 
centres are the points ( -y, -f) and ( ““/i)- The 

“m” of the line joining them is therefore - * V - vi 

-ffi-i-!/) 

y-9i 

The “wt” of the line (3) is . 

J “/l 

The product of these two “ ?n’s ** is - ^ 

Hence, by Art 69, the radical axis and the line joining 
the centres are perpendicular. 

L. . 0 



162 


COORDINATE GEOMETRY. 


184. A geometrical construction can bo given 

for tbe radical axis of two circles. 



Fig. 1. Fig. 2. 


If the circles intersect in real points, P «.nd as in 
l-’ig. 1, the radical axis is clearly tlie straight line PQ. 
For if T be any point on PQ and TK and TS bo the 
tangents from it to the circles we have 

TR^^TP,TQ^TS\ 

If they do not intersect in real points, as in the second 
figui*e, let their radii be and and let T be a point such 
tliat the tangents TR and TS are equal in length. 

Draw TO perpendicular to 0^0^. ^ 

Since TR^ TS\ 

we have Tp^ - 0,R^ - TO? - O.S\ 

ue. TO^ + oi* = TO^ + 00.^ ■ 

4.6. OlO* ~ 00^ = <li — ttg®, 

i.e, {OjO — OOg) {OiO + OOg) = 

a^ — a^ 

ic, OiO — OOo - ^ = a constant quantity. 

U1U2 

Hence 0 is a fixed point, since it divides the fixed 
straight line OiO^ into parts whose dillerence is constant. 

Therefore, since 0i07^ is a right angle, the locus of 2\ 
t.6. the i^dical axis, is a fixed straight line perpendicular to 
the lino joining the oentrea 
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186 « if tho equations to tho circles in Art. 183 l>e 
written in tlie form aV - 0 and = 0, the equation (3) to 
tho radical axis may be written aS'—^~ 0, and therefore 
the radical axis passes through the common points, real or 
imaginary, of the circles /6? - 0 and S' = 0. 

In the last article we saw that tliis was true geometri- 
cally for the case in which the circles meet in real points. 

When tho circles do not geometricailly intersect, as in 
Fig. 2, wc must then look upon the straight lino TO as 
passing through the iiiiaginary points of intersection of the 
two circles. 

186 . The racfical ajcc^ of three circ/es, taken in2>airs^ 
meet in a point. 

Let the equations to tho three circles be 

<s'=o U). 

-S’’=0 (2), 

ami .S’" = 0 •. (3). 

The radical axis of the circles (1) and (2) is the straight 
line 

; ;•••(»)• 

I’lui radical axis of (J) aiwl (3) is the straight lino 

S' -s" -0 (b). 

If wo add tHjuation (o) to equatioiL ^4)^we shall have tho 
equation of a straight lino through their points of iiitcr- 
sectiou. 

Hence S-S"-=0 (G) 

is a straight lino through the intersection of (4) and (o). 

But (6) is the radical axis of the circles (3) and (1). 

Hence the three radical axes of the three circles, taken 
in pairs, meet in a point. 

This point is called the Radical Centre of tlie three 
circles. 

This may also be easily proved geometrically. For let 
tho three circles be called A, and (7, and let the radical 
axis of A and B and that of B and C meet in a point 0. 
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By the dehiiition of the radical axis, the tangent from 0 
to t(]ie circle A the tangent from 
0 to the circle and the tangent 
from 0 to the circle jffs: tangent 
from it to the circle (7. 

Hence the tangent from 0 to 
the circle A ~ the tangent from it 
to tlie circle C, O is also a 
point on the radical axis of the 
circles A and C. 

187. 0 and a' ^ 0 he the equalious of tv'o circles, 

the equation of ant/ circle through their points of inter- 
section is S - \S\ Also the equation to any circle, such that 
the radical axis of it and 0 is n - 0, is S + Xw - 0. 

For wherever H - 0 and - 0 are both satisfied the 
efpiation S - XS' is clearly satisfied, so that S = XS* is some 
locus through the intersections of = 0 and 0. 

Also in both S and S' the coefficients of as* and y® are 
equal and the coefficient of xy is zero. The same statement 
is therefore true for the equation S-‘XS', Hence the 
pro|)osition. 

Again, since u is only of the first degree, therefore in 
A' + Xw the coefficients of a? and y* are equal and the 
coefficient of xy is zero, so that S + X?t = 0 is clearly a circle. 
Also it passes through the intersections of 0 and it - 0. 

EXAUPLES. XXIIl. 

Prove that the following pairs of circles intersect orthogonally : 

1. y®- 2aj: i-c=0 and + f-2% - c=0. 

2. f p®-2aa? + 26y + c=:0 and y* {■2bx + 2ay -c-^0, • 

3. Find the equation to the circle which passes through the origin 
and cuts orthogonally each of the circles 

ic®+p®-fi»+8s=0 and ic*+p*-2j;-2p = 7. 

Find the radical axis of the pairs of circles 

4. a^+p*=144 and **+p*-li5ap-i llpsO. 

5. 4:*+y*-ac-4p + 6»0 and 3«^H*8p9-7«+8p + ll-=0. 
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6. ac* + y® - ary + (J.i;-7y + 8^=0 and - 4=?0, 

tliti axes being inclined at 120°. 

Find the radical centre of the seta of circles 

7. ar®+j/» + j- + 2y + 3=0, y2 + 2jp + 4y + r»=-0, 

and flr*+j/®-7j--8y-9=0. 

8. ( J - 2)* + (y - 3)2 r- 36. (.r + .3)* + (y f 2)^ = 49, 

and (j--4)2 + (y + 5)2=61. 

9. Prove that the square of the tangent that can be drawn from 
any point on one circle to another circle is equal to twice the product 
of the perpendicular distance of the point from the radical axis of the 
two circles, and the distance between their centres. 

10« Prove that a common tangent to two circles is bisected by th^ 
radical axis. [Hence, by joining the middle points of any two of the 
common tangents, wo have a coosftruction for the radical axis.] 

11, Find the general equation of aP circles any pair of which have 
the same radical axis as the circles 

a:* a;S+ j/2^2jr,+ 4y — C. 

12, Find the equations to the straight lines joining the oiigin to 
the points of intersection of 

j3+y2~ 4a;- 2y “4 and 4;-Ny®-2j:- 4y-4-0. 

> • 

13, The i^olars of a point P with respect to two hxcd ciicles meet 

in the point Q, Prove tliat the circle on PQ as diameter passes 
through two tixed points, and cuts hoth the given circh^s at right 
angles. ^ 

U. Prove that the two circles, which pass through the two points 
(0. a) and (0. - a) and touch the straight line \ c. will cut ortho- 

gonally if c* = a* (2 -h ?/!*). 

15, Find the locus of the centre of the circle which outs two given 
circles orthogonally. 

16, If two circles out orthogonally, prove that the polar of any 
point P on the first circle with respect to the second passes through 
the other end of the diameter of the first circle which goes through P. 

Hence, (by oouaidcring the orthogonal circle of three circles as 
the locus of a point such that its polars with respect to the oircles 
meet in a point) prove that the orthogonal circle of three circles, 
given by the general equation is 

y+/2. ^2®+/2y+ca =0. 

'«+^si y+/s» y«J5+/s!/+c3 
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188. Coaauil Circles. Def. A system of circles 
is said to be coaxal when they have a common radical axis, 
i,e. when the radical axis of each pair of circles of the 
system is the same. 

To find tJbe equation of a system of coaxal circles. 

Since, by Art. 183, the radical axis of any pair of the 
circles is perpendicular to the line joining their centres, it 
follows that the centimes of all the circles of a coaxal system 
must lie on a straight line which is perpendicular to the 
radical axis. 

Take the line of centres as the axis of x and the radical 
axis as the axis of y (Figs. I. and IT., Art. 190), so that 0 
is the origin. 

The e(|uaiion to any circle with its centre on the axis 
of X i.s 

ac* + y® — ^gx + c =-. 0 (1 ). 

Any point on the radical axis is (0, yj). 

The square on th45 tangent from it to the circle (1) is, 
by Art. 168, yi® + c. 

Since this quantity is to be the same for all circles of 
the system it follows that c is the same for all such circles ; 
the different circles are therefore obtained by giving dif- 
ferent values to g in the equation (1). 

Th^ intersections of (1) with the radical axis are then 
obtained by puttiiig oj 0 in equation (1), and we have 

If e be negative, we have two real points of intersection 
as in Fig. I. of Art. 190. In such cases the circles are said 
to be of the Intersecting Species. 

If c be positive, we have two imaginary points of in- 
tersection as in Fig. II. 

189. Limiting points of a ooazal qratem. 

The equation (1) of the previous article which gives any 
circle of the system may be written in Ihe form 

(as - + y* = / - c -r 
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It therefore represents a circle whose centre is the point 
(^, 0) and whose radius is 

This radius vanishes, i.e. the circle becomes a point- 
circle, when = c, i,e. when ± Jc. 

Hence at the particular points (+ Jc, 0) we ll^l^ e point- 
circles which belong to the system. These point-circles are 
calleil the Limiting Points of the system. 

Tf <? be negative, these points are imaginary. 

But it was shown in the last article that when c is 
negative the circles intersect in real points as in Fie. J. 
Art. 190. ' 

If c be positive, the limiting points and (Fig. IT.) are 
real, and in this case the circles intersect in imaginary points. 

Tlie limiting points are therefore real or iiiiagiiviry 
according as the circles of the system intersect in imaginary 
nr real points. 

190. Orthogonal circles of a coaxal system. 

L<‘t T be any point on Ihc common radical axis 
of a system of coaxal circles, and let TK be the tangent 
from it <0 any <*ircle of the system. 



Then a circle, whose centre is T and whose radius is T'/f, 
will cut each cirde of the coaxal system orthogonally. 
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[For the radius TR of this circle is at right angles to 
the jradius OiRj and so for its intersection vith cmy other 
circle of the system.] 



Hence tlie limiting points (l)eing point-circ/es of the 
system) are on this orthogonal circle. 

The limiting points are therefore the intersections w ith 
the line of centres of any circle whose centre is on the 
common radical axis and whose radius is the tangent from 
it to any of the circles of the system. 

Since, in Fig. I., the limiting points are imaginary these 
oillingoiial circles do not meet the line of centres in real 
points. 

Tn Fig. II. tliey pass through the limiting points 
and Z 3 . 

These orthogonal circles (since they all pass through two 
points, real or imaginary) are therefore a coaxal system. 

Also if tlie original circles, as in Fig. I., intersect in 
I'eal points, the orthogonal circles intersect in imaginary 
points; in Fig. 11. the original circles intersect in imaginary 
points, and the orthogonal circles in real points. 

We therefore have the following theorem : 

A bH of coaxal circles can be cut orikogonaUy by anotlier 
set of coaxal circles , tfiC centres of each set lying on the 
radical axis of the other set ; also one set is of the limiting- 
point species and the other set of the other species. 
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19 1 , Without reference to the limiting points of the original 
system, it may be easily found whether or not the orthogonal circles 
meet the original line of centres. * 

For the circle, whose centre is T and whose radius is TR, meets 
or does not meet the line OiO, according as TR^ is ^ or TO\ 

i.e. according as TO^-O^R^ is 'W, 
i.e. according as 7’0-+ 0,R* is TO\ 

i.< according as OOj is r" OjJf, 

:.e. according as the radical axis is without, or within, each of tlie 
enclps of the original flj'stem. 

192 . Til tlie next article the aliove results will lie 
proved analytically. 

To find tlie equation to any circle vdiich cute tiro yiven 
circles orthoyonally. 

Take the radical axis of the two circles as the axis of y, 
so that their equations may 1 m' written in tlie form 


+ -2y.i* t c .0 (1), 

and j*® + — 2yi.r I c 0 (‘2), 

the quantity c lM*ing the same for etudi. 

llet the equation to any circle Avlihdi cuts them or 
thogonally bo 

(.c^Af^{y^-lif (.U 

The equation (1) can lie written in form 

(..•-</)» t-y» (4). 


The circles (3) and (4) cut orthogonally if the square of 
the distance lietw’een their centres is equal to the sum of 


the squares of their radii, 
i,e. if (A - yY + ir^ 

i,e, if A“ h IP -2 Ay IP c (“»). 

Similarly, (3) will cut (2) orthogonally if 

A^-^ 7P-2Ay,-Ji^^c (G). 


Subtracting (6) from (5), we have A (g - - 0. 

Hence il - 0, and J?® = /?* + c. 
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Substituting these values in (.^), the equation to the 
required orthogonal circle is 

+ = 0 (7), 

wliere Ji is any quantity whatever. 

Whatever be the value of JS the equation (7) represents 
a circle whose centre is on the axis of y and wliich passes 
through the points (_+ 0). 

But the latter points are the limiting points of the 
coaxal system to which the two circles belong. [Art. 189.] 

Hence any pair of circles l)elonging to a coaxal system 
is cut at right angles by any circle of another coaxal 
system ; also the centres of the circles of the latter system 
lie on the common radical axis of the original system, an<l 
all the circles of the latter system pass througii the limiting 
points (real or imaginary) of the first system. 

Also the centre of the circle (7) is the point (0, an<l 
its radius is + c. 

The square of thfe tangent drawn from (0, Ji) to the 
circle (1) ■ • /P + c (by Art. 168). 

Hence the radius of any circle of the second system is 
equal to tlie length of the tiingent drawn from its ct*nti\^ to 
any circle of the first system. 

193 . The equation to the system of circles which c*ut 
a given coaxal system orthogonally may also be obtained 
by using the result of Art. 182. 

For any circle of the coaxal system is, ])y Art. ISS, 
given by 

+ + c -0 ( 1 ), 

whore c is the same for all circles. 

Any point on the radical axis is (0, y'). 

The square on the tangent drawn from it to (1) is 
therefore y “ + c. 

The equation to avy circle cutting (1) orthogonally is 
therefore 

.r® + y® — 2yy* — c = 0. 
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Whatever be Hie value of y' this circle passes through 
the points^ (+.^6, 0), i.e. through tlie limiting points of the 
system of circles given by (1), 

194 . We can now deduce an easy construction f<»r the 
circle that cuts any three circles orthogonally. 

Consider the three circles in the figure of Art. 1 80. 

J5y Art. 192 any circle cutting A and B orthogonally 
has its centre on their common radical axis, t.f!. on the 
straight line OD, 

Similarly any cii’cle cutting B and C orthogonally has 
its centre on the radical axis OJS, 

Any circle cutting all three circles orthogonally must 
therefore have its centre at the intersection of OD and OK^ 
i.e, at the radical centre 0. Also its radius must ho the 
length of the tangent drawn from the radical centre to 
any one of the three circles. 


Sz. l^'ind the equation to the circle which cutn orthof/onally each 


of the three circles • 

+ 2j‘H-17y+ 4 = 0 (1), 

+ Cy hll-O (2), 

x + 22y+ .S-0 (:i). 

Ttie radical axis of (1) and (2) is 


5a-lly + 7-0. 

The radical axiH of (2) and (3) is 

8a;-16y + 8r=0. 

These two straight lines meet in the point (8, 2) which is therefore 
the radical centre. 

The square of the length of the tangent from the point (3, 2) to 
each of the given circles =57. 

The required equation is therefore [x - 3)* + (?/ - 2)“= 57, 


i.e. 


- 4y - 44 = 0. 


I 

196. Bz. Find the locus of a point which moves so that the lenyth 
of the tangent drawn from it to one given circle is \ times the length of 
the tangent from it to another given circle. ' 

As in Art. 188 take as axes of x and y the line joining the centres 
of the two circles and the radical axis. The equations to the two 


circles are therefore 

a;*+p»-2pja;+c=0 (1), 

and x^+y^--2g^+c=r0 (2). 
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Let (/>, fc) be a point such that the length of the tangent from it to 

(1) is alwajrs \ times the length of tlie tangent from it to (2). 

Then A* + i* - 2giA + c = X» [ A» + A* - igji + c]. 

Henoe (A, A) always lies on the oirele 

+ p* - 2 j: * + c - 0 (3). 

This cirelo is clearly a circle of the coaxal system to which (1) and 

(2) belong. 

Again, the centre of (1) is the point (g^ , 0), the centre of (2) is 
fei whilst the centre of (3) is ^ 

ITence, if these three centres be called 0 ^ , 0.^, and we have 

SO that OjOj : O^Oy : : : 1, 

The required locus is therefore a circle coaxal with the two given 
circles and whose centre divides externally, in the ratio \- : 1/the line 
joining the centras of the two given circles. 


EXAMPLES. XXIV. 

1. Prove that a common tangent to two circles of a coaxal 
system subtends a right angle at either limiting point of the system. 

2. Prove that tile polar of a limiting point of a coaxal system 
with respect to any circle of the system is the same for all circles of 
the system. 

3. Prove that the polars of any point with respect to a system of 
coaxal circles all pass through a fix^ point, and that the two points 
are (equidistant from 'the radical axis and subtend a right angle at a 
limiting point of the system. If the first point be one limiting )i('>int 
of the system prove that the second point is tlie other limiting point. 

4. A fixed circle is cut by a series of circles all of which pass 
througli two given points ; prove that the straight line joining the 
intersections of the fixed circle with any circle of the system always 
pas-Hes through a fixed point. « 

5. Prove that tangents drawn from any point of a fixed circle of 
a coaxal system to two other fixed circles of the system are in a 
constant ratio. 
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6, Prove that a system of coaxal circles* inverts with respect to 

either limiting point into a system of concentric circles and find the 
position of the common centre. • 

7, A straight line is drawn touching one of a system of coaxal 
circles in P and catting another in Q and R. Shew that PQ and PR 
subtend equal or supplementary angles at one of the limiting points 
of the system. 

8. Find the locus of the ^loint of contact of parallel tangents 
which are drawn to each of a series of coaxal circles. 

9. Prove that the circle of similitude of tiie two circles 

-2/cj; + 5=.0 and jc- + y* - 2A-'.r + 5=0 

{i.e. the locus of the points at which the two circles subtend the sauie 
angle) is the coaxal circle 

10. From the preceding question shew that the ceiities of simili- 
tude (i.e. the points in which the common tangents to two circles 
meet the line of centres) divide the line joining the centres internally 
and externally in the ratio of the radii. 

11, If jc + y /y/ - l = tan(a+t; /y/ -1)» wliere x, y, w, and i> are all 
real, prove tliat the curves f(~ constant give a family of coaxal circles 
passing through the points (0, +1), and that the curves v- constant 
give a system of circles cutting the first system orthogonally. 

isl.* Find the equation to the circle which cuts orthogonally each 
of the circles 

X‘ H y- + 2ffx I c 0, J-- + y= + 2ff’x + c = 0, 

and f ir + 2 Ac v 2ky H- « - 0. ^ 

13. Find the equation to the circle cutting orthogonally the 
thiee circles 

j-2 + y®»=a-, (.c-c)- t-y-—a^ and .c® + (y - 

14. Find the eiiuation lo the circle cutting orthogonally the 
three cindes 

► a;® f y®-2.c + 3y *-7=0, ar + y^-pSjp-Sy + 9-=0, 

and j®+y®+7a:-9y +29-0. 

15. Shew that the equation to the circle cutting orthogonally the 
circles 

(a;-tt)»+(y-&)8==&a, .(j. 6)®+ (y - a)2=a>, 

and (flf - rt - b - c)* + y*=tt& + c\ 

is a;® + y® - 2 . 1 * (a + b) - y (« + b) + a* + 8a6 + b* - 0. 
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I. (Pages 14, 15.) 

1. 8. 2. 13. 3. 3^7. 4. Va‘+6». 


5. + 2«fc — ‘iftf. 

7. « (mj - Ml j) (iM, + IM.V'' + 4. 

15. (V.¥). 16. ( 2* !t). 

18. ( 511, 2 A); (-204,341). 

20. (--«,!): (l.i)i (J, 


6. 2«sin-'^. 

9 . .3 1-2 ,^ 1 . 5 . 

17. (1, t);{ 11,16). 

19. (-1.0): (-J, 2). 


/a» + V> n*+‘iah /«» 2«6 fi» < Ji»\ 

\of6’ ai b )’ \ a-h ’ a -h )' 

/kr, \-U,+tM^ lry, + fy3+Mii/,\ 

\ /t-l I HNi ' k + I { m )' ’ 


II. (Pages 18, 19.) 

1. ,Jo. 2. 1. 3. 29. 4, Srtc. 

5. «®. 6. 2«6 biii ^*2 ^*sin jj -*«in jj 

7. «>(m, Ml,) (iH, »«,)(Mi,-Me,). 

8. 4«’ (m, - MlJ (IM^ - !»,) (l»i - Ml,). , 

9. 4a’ (mi, - Ml*) (»l» - mj) (itt, - MI,)-i-Ht,Mt,MI,. 

13. 201. 14. 06. 

III. (Pages 22, 23.; 

12. 2 ^'.. 13. V79. 14. n/ 7«. 16. KS-Sv'S). 

17. 18. 4«V3- 25. 26. *-=«. 

27. rs2aoo8^. 28. r cos 2^^ 2a Bin 29. rco8 0~2a8m‘‘^(?. 

30. r®=a*co8 2^. 31. a;*fy®=a®. 32. 

33. ar*+y*=tfx. 34.S (x*+y®)®as4a*a:y. 

35* (x*+y»)«=a9(a;®-y2). 36. *y=a*. 37. x*-i/=a». 

33. y® + 4fl®=4a^*. 39. 4(x® + y®)(xVy“ + «^)=^«V« 

40. - 3ary3 ^ - y® - 5fcxy. 

L. 
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8 . 

10 . 

12 . 

15. 

18. 

20 . 

22 . 

23. 


1 . 

4. 

7. 

9. 

16. 

18. 

20 . 

22 . 

23. 

24. 

25. 

26. 

27. 

28. 


1 . 

5. 

8 . 

11 . 

13. 

15. 

16. 
17. 
20 . 
31. 


IV. (Page 30.) 

2/ia; + l:=-0. 9. (rt®- 1) (aj®+y®+«-) + 2fljr(n®+l)=0. 

4a**(c3-4<£®) + 4cY- = ca(c®-4a®). H. (6a-2c)a;=a*-c2. 

y®- 4i/-2ar 1 5-0. 13. 4y + 2.r + 3=0. 14, x + y-7. 

y=^x. 16, y*=3jc. 17, 16a?®-y® + 2<u;=a*. 

a:®+y*=3. 19. a:® + y®=4y. 

ar® + 8y3+tij:-a6y+27=0. 21. a:®=3y®. 

a;® + 2aj/=:a®. 

(1) 4jc®+.3y® + 2«//^a*; (2) ®*- 3y® + 8ay=4a3. 


V. (Pages 41, 42.) 

y=j; I 1. 2. «-y-5-=0. 3. .c-y^3-2^3=0. 

5y-3j?+16=0. 5. 2 a? + 8 y — 6 . 6 . 6j:-5y + 30=0. 

(1) a; + y = ll; (2)y-a;=l. 8. r i y |-1=0 ; ar-y^3. 

ry' \-x'y = 2x'y\ 10 . 20y-9r = 90. 15. x + y~ 0 . 

17. 7y + 10xi=ll. 

ax-by = ab. 19. (a- 26) j:- fcy + 6 ®+ 2 a 6 - a*= 0 . 

y {ti + t^)-2x = 2at^ty 21 . + *=a (ej + <,). 

X cos ^ (^1 i- 0 a) + y sin ^ ( 0 ^ + 0 ,) = a cos ^ ( 0 ^ - 0 *). 

^ cos^-i^+ ^ Bin 

hx cos i (01 - 0 a) - ay bin 4 ( 4 >i + 0 .^) == ab cos i ( 0 j ^ 02 ). ^ , 

X h3y ^ 7— 0; y- 3x— 1; y f7x— 11. 

2x - 3y — i ; y - 3a;-= 1 ; x + 2y -s 2. 

y («' - rt) - X ( 6 ' - 6 ) = a'b -ab*\ y {a' -a) ^x (1/ - 6 ) — a'b' ab. 

2ay -2h'x^ ab- a' b\ 29. y = 6 x; 2y-3x. 


90°. 

tan" 


4in®H® 

- n* * 
4y + 3x = 18. 
a5 + 4y + 16-0. 


VI. (Pages 48, 
2. tan-i|§. 3^ 

6 . tan*" 

9. 


.) 

3. 4. 60®. 

O* - ft!* 

inb • 7- 

7y-8x=118. 10. 4tf + llit=10. 

12. 0x4- fry =«®, 

2x (a - a') + 2y (fr - b' ) = a® - a'* + b® - fr'®. 

yx' -xy*=0; o*xy'-b®af'y=(a*-b®)x'y'; aKr'-yy'=x'®-y'*. 

121y>-8ae=:871; 83y- 244-=: 1048. 

ar»8; ysa4; 4^. 19, a:=0; 

y»&; (l-?»i®)(y-fr) = 2m(x-fr). 

9*-7y = l; 7x+9y=s73. 



ANSWERS. 
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vn. 

1. 4|. 2. 2;. 

5. rtcosJ(a-j8). 

9. 6»), o| . 


(Pages 53, 54.) 

3. 5,'.. 4. 


8 . 


_c- d 

1 + Wi® 


a® + afr - 6® 

V“*+^ 


11. i(2+^3). 


VIII. (Pages 61-65.) 


1 . 


8 . 

10 . 

12 . 

14. 

20. 

24. 

27. 

30. 

33. 


/-n 41\ (ah ah \ 

V 29 ’ 29^' + « l h)‘ 

Imima \m^ 

{ a cofl i (01 + 0a) sec i (01 - 02), a bui J (0i -1- 0.^) sec (0i 

/a(6- 

V 6-J- 




W \ 

•hb' * bVb'J 

y=a,; Zy=ix + 3a. 
(J.l); tan->60. 

(2, 1); tan-SV 

3 and - {. 19. 

(-4,-3). 21. 

x-y = ll. 

' A*y - b’‘xs=ab (<t - b). 
23j; + 23$ = U 


0.)}. 


6 . 


130 

17 ^29 • 

9. (1,1); 45“. 

11. (-1. -3); {3.1); (5,3). 

13. 45“; (-5,3); a!-3i( = 9: 2i:- i/ = 8. 

!»! (Uj - 0 ,) + OTj (flj - «j) -f OTj (tlj - a,) =0. 
(H.-iV- 23. 43j-29y=7L 

25. y=3jr. 26. y=-c- 
28. Zx-h^ys^ba, 29. x+y (-2 -0. 
31. 13x-9Sy=i64. 

Ax+.By l-0+\(A'x + Il’y-t C') — 0 where X is 

/.n ^ /ax .X .Ix'-f flff' l O 

-/> (^) -Jy}> W B'a vC * ** ~ A'x' V If y' + C’ 


(1) -r-. 


37. y=2; a:=6. 38. 99x•^77^ -l•71-•0: 7x -9y - 37=0. 

39. »-2j(+l=0; 2x+y-3. 

40. *(2,^2-3)+y(,^2-l) = 4V2-6; 

* (2 V2 -HS) + y (.y2-f l)=4.y2+6. 

41. (y - 5) (>»+»«') -K» - o) (1 - !»«*') =0 ; 

^ - 5) (1 - um') -(x-a)(m+ in ') = 0. 

42. 83a!+9y=31; 112* -64y-H 141=0; 7y-x=18. 

43. x{3+V17)+y(6-hV17)=lC-H4^17; 

x(4+,j^O)-fy(2-hv'10)=4VlO+12; _ 

* (2 ^/84 - 8 ^/D) + y ( Viii - 6 Vo) «= 6 - 15 V6. 

44. A(y-fc)-aB(a;-ft)= i(Jj;+2?y + C’). 

45. At an angle of 15^ or 75^ to the azia of x. 
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IX. (Pages 72, 73.) 

1. ^(1) tan-*\S (a) 16«. 2. tan -I'M. 

3- 

7. .V-O, ?/ — c-fi, j; = 2a, y=^2a, y-a’ + ir, a;-0, j*, and 

// =- /I, where a itt the length of a side. 

10. 1/(6 -VJ1)-*^(3V8-2)=22 -9^3. 11. if. 

12. 10y-llx + l=.0; Vlll. 


4. 

6 . 


9. 

10 . 

14. 

16. 

17. 

23. 

24. 
26. 


X. (Pages 78-80.) 

(-7.3)- 6. ( iiDiin- 

/ 85-7^3 3V6-6.7N 3^-7^5 ,i .j 

V JJO ’ 120 120 ■ '• »?>■ 5^ 

(Ol^lO 2^^101 /6 ^10 2 ,J1D\ 16Hv/10N 

12* 2 f ’ ^ 2 ’ 2 /'•I, G ■’ (i ) 

C, 3). (2, 12), (12,2), and ( -3, 3); 3^2. i^/2. 4^2. and C^2. 

( 184. 19i). 11. 1- 12. m- 13. -3. 

15. i{b-c){c-a){a-b). 

a" (nij, - >/(,) (i/tj - ^«^) ()»j VI j) T- ‘Zm^m^in/- 


18. 


2 ( OTj - TO, » 


3 -t,r ^ 

Wj- JHaJ * 




4(<’l -<^2)"-5-(%-W4)- 
4)- 

10j/ + 32'i;-) 43 — 0; 25x + 29y + 5 — 0 ; y-^ox\-2; 52xf 805 — 47. 
(4 + iv/3.1+s/3); (4 + W3. } | IV«). 


XI. (Pages 85 -87.; 

1, x^Hiirycota t/t' — o', 2. y- I Xc-— Xa-. 

3, {lit + 1) j: -= (w 1) a. 4. (w* I w) (•»*' ^ y" 1 «*) - 2<iJJ (mi - ii) — c*. 

5, .r + y—c Boc^ 6. ® y— dcoseo-,^. 

7, jr4 y=2cco8ocw. 8. y - j;=-2roosecw. 

9, .c'4 SxyooBuH y®— 4c'-coseo-^w. 

10. ( c* +y^ COB w H a:y (1 I cos- «) x [n cos w f 6) + y (fc cos w + «). 

11. hoosw)+y(l I wtcosw)— 0. 

12. (i) x + y-a-bz^Oi 

(ii) y^x. 19. A straight line. 

20. A. circle, centre 0. 25. A straight line. 

27. If P he the point (A, k)^ the equation to the locus of S is 
;* Jk . 



ANSWKUS. 
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1 . 

3. 

5. 

7. 

8 . 
9. 


1 . 

4. 

9. 

14. 

17. 


1 . 

2 . 

3. 

4. 

5. 

8 . 


1 . 

4. 


1 . 

3. 

5. 

8 . 

13. 

14. 
16. 
18. 
19. 
21 . 


Xn. (Page 94.) ‘ 

(x-3j;)(x-4y)_0;tau-‘,V 2. (Ac- 
(ll*+2y)(3x-7y)=0: tan“'|J. 4. *=8. 

»=±4. 6. (tf+4x)(j,-2x)(7, 3x)=0;ten-*(-?):tan-M|). 

x(l-8m9) + ycog0=O; x(l + Biii9)+tfoo80— 0; 8, 
y nine +x cob 0 = ± x .^cob 20 ; tan~’ (ooseo 0 ijeoa 20). 

J2x!'-7xy -12j>=0; 71x’+94xy -71i/’=0; xS-^'-O; 

x»-j,»=0. 

Xm. (Pages 98, 99.) 

C. -V): 4.5". 2. (2, 1); tan->5. 3. ( I, -i); 90“. 

(-1, 1); tan-J». 6. -15. 7. 2. 8. -10 or -174- 

12. 10. 6. 11. 6. 12. U. 13. -». 

4 or •>j'. 16. (i) c(rt + fc)=.0; (ii) «— 0, or oe — W. 

!iy + 6x = 5(5 ; Hij Cx — 14) 


XV. (Page 112.) 

(I) (2) 2x'» + j/'«_6. 

(1) x'»4V'*-2r.i'; (2) \-y'"--‘2c!i'. 

(rt-6)*(x's + y'»)=.a»6*. 

(1) 2xV + «5-:0; 9x'»+25y'5=22.>; ®**hj;'‘-l. 

a® COB 2a. 6. x'“-4y'®_ii*. 

toll ■ C Jl^. 

XVI. (Page 117.J 

2.r' 2. x'®+v'5J=y-l. 3. x'=-ty''=-8. 

l.c' oofloc- a. 


XVII, (Pages 123-125.; 

.c- + 1/" f ‘J.r » 1// -= 4. 2. 

.r^ + - Ufl j* + *2by s= 2a6. 4. 

(2,4); .yOl. 6. (1, 1); iVlS. 


(fl, - /) ; JP+f- 

15a:2 + 15/y2 _ 94J. ^ igy + 55 *=0, 

6(x*+y-a»)=5*(5>+;fl-a»). 

“ 22af - + 26 = 0. 

8a;* -f .V-29a:-19y + 66=0. 


a** + y*4 10x4 12^^- 30. 

X* 1- y* 4* 2ax 4- 26y 4 26" -0. 



( c »;k \ ^ 

4- wt* * 4- mv * 

15. -&y=0. 

17. «®4*y*-6»-y 4-4*0. 


6 (x®4* y^) - (a*4' 6*) ® 4*(« - 6) (a*4* 6*) =0. 
x24-y®-3j;-42(=0. 



yi 


COORDINATE OEOMETRY. 


22 . ^ 

23. ‘ a:*+y*- //a;- Ay=0. 24. «“+y*±2y/y«a-'&3-fe*. 

25. lOar- 10//+25r=0. 26. af®+j/*±2aj?±2ay + a®=0. 

27. J-= + y® + 2(r)Jr7F^)(.T + y) f-37±10 Vi2^0. 

28. 4;/+9=0, or **+y®+10a; + 20y + 26s=0. 

29. 6(**+y'*)=u:(i*+c*). 30. x’^ s/'^!/-Qx+9=0. 

31. + 3® f 2 = 0 ; 2 j; 24 . 2 y*- 6i?-/^3y + 3=0; 

23-^ + 2//® - 7a: - + 6 = 0. 

33. (j: f21)»+(y + 13)2=-652. 34. 8a3 + 8y=-25j;-3y + lH=0. 

36. flc® + x^ + y^-2{a-hb)x^2{a-h)y \-a'*-¥b'^ = 0. 


XVin. (Pages 134, 135.) 

I. 5j;-12y = 152. 2. 24j: + 10// + 151 = 0. 

3, x + 2y^ J^2J5. 4. x + 2y-ig + 2f=±Joy/g^+f^-L\ 

®- (-Ja’ii)- 6. *=«S(0.6). _7. Vos. 

8, k = 40 or - 10. 9. a cos* a + 5 Bin- aizij a® + 5® sin* a. 

10. .la + Ji5 + C= ± c 

II. {!) y^mx^a (2) wiy + *= =ta <^l + m“; 

(3) axJLy fjl^-d’^=zab; (4) x + y-a»j2, 

12. 'i 13' x^-i 

14. €~b-am\ c=b-am:i= ^(1 +»»»)(.*+ 6“) • 

15. a? t-2>’-6x-8y +tJl = 0. 

16. a!°+y®-2f*-2<y + c’— 0, where 2c=a + ft±«/a“+6*. 

17. 6a^ + 5y*- 10*+30y + 49=0. 18. x^+y^-2cx-2cij + L-—0. 

19. {x-r)*+{y-h)*=t^. 20. x=+/-2ai-2/Ji/^0. 


XIX. (Pacos 144, 145.) 

1, x + 2y—'J. 2. 8x-2y = ll. 3. x=0. 

4. 23x+6y=67. 5. hy-ax=a\ 6. (5,10). 

7. (t. -A). 8. (1,-2). 9. (i, -i). 

10. (-2a, -24). 11. (C,*-V).''‘ 

12. 8y-2«=18; (-W.W).. 13. (2, -1). 14. x'>+jr=2a5. 

18. W48. 19.9. ’20. V2a»+2a4'+i*. 21. (V,2);l. 

23. (1) 28x>+83xir-28/-718«-196, + 4836 = 0; 

(2) 123a^-G4xy+S^«-664x+226y+768=0. 



ANSWERS. 


Vfl 


XX. (Pa«e8'147, 148.) 

1. 

2. - 2ra coseo a . cob (tf - a) -t- <i- 001 *“* a = 0, r = 2a sin 6. 

6. r® - r[a cos {d-a) + b cos (d - /3)] + cos (a - /3) — 0. 

8. + = 

XXI. (Page 149.; 

2. 30°; (8-6^/3. 12 -4^/3); J47“2“i;73. 

o (ff ~ w 

* \ siii-’w * siii^w /* sin w 

4. a;» hV2j;y4-j/*5-a:(4 + 3^2) -2y (3 + ^/2) + 3(2v'2 - 1)^0. 

5, + y3+llx + ]3y + 13 :=0. 

8. (j? - ^') (« - *") + (y - y') (y - y") + cos tu [(.u - x') {y - y ") 

+ (.r-x")(y-y')]-0. 


XXII. (Pages 156—159.) 


4. 

9. 

11 . 

16. 

17. 

24. 

33. 

36. 


A circle. 5. A circle. 6. A circle. 

*■ 2xy cos u-s , the given radii being the axes. 


A circle. 12. A circle. 

(1) A circle ; (2) A circle; (3) The polar of O. 

The curve r-=a + ftcosy, the fixed point O being the oiigin and 
the centre of the circle on the initial line. ^ 

The same circle in each case. ' 


2ah-T- + S*. 35. Ba ^ 1^1; j; = 4t/ ; 63 j; + 16y + 100a — 0. 

(i) j;=sO, 3a; + 4ysl0, y = 4, and 3y = 4x. 

(ii) y = mx +c ^1 + vijg where 

=L(/jfc) J-(6-c) 

?ii=— ^ or , _ . 

v'rt>-(6+c)» -(*•-«)* 


XZmV (Pages 164, 165.) 

3 . 3 j»+ 3 ya- 8 .c+l 9 y= 0 . , A^ oj- Uv = 144 . 

5. * + 10j/=2. 6. Cx-7y + 12=^ 7. (-3. -I). 

8. (Jl.llf). 11. (\+l)(x*+y*)+2\(x+2j/)=4i-6X. 

12. (y - J!)°=0, 13, Take the equations to the circles as iu 

Art. 192. 



COORDtXATB GEOHETBT. 


viil 


XXIV. 

8., x*-y* + 2iiixys=<. 

13. **+y*-c*-fey+a**=0. 


(Pafes 172, 173.) 

12. fc{ai6^+y*) + («-c)|f-c*-»ll. 

14. 0>+y*-16j»-18y>^4aa. 
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